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ABSTRACT

The adiabatic dynamics of solitons in o -helix proteins are studied in this paper. The soliton
perturbation theory is applied to conduct this research work. The type of nonlinearity that is
taken into consideration is the power law nonlinearity. The numerical simulations are also given
to support the analytical results.

Key words:. solitons; adiabaticity; perturbation; numerics.

INTRODUCTION

The study of the dynamics of solitons drhelix proteins has been going on for the past few
decades [1-10]. There has been a lot of progregshts been made in the past few decades. The
governing equation that is studied in this contexhe nonlinear Schrodinger’s equation (NLSE)
which is sometimes referred to as the Davydov md8El This is the main equation that
describes the inherent dynamics of the solitonghisipaper, NLSE will be used to carry out the
adiabatic dynamics of the soliton parameters whemtupbation terms are taken into
consideration. The soliton perturbation theory Wwélused

to carry out this investigation. The numerical diations of the governing NLSE will also be
given. This will support the analytical development
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MATHEMATICAL ANALYSIS

The governing equation, in dimensionless form, théit be studied for the solitons ia-helix
proteins is given by [1-3]

1

iqe + 5 qx + 19177 = 0 1)
Here in (1), the dimensionless varialmér,t) represents the wave profile. The independent
variablesx andt are the spatial and temporal variables while th@metem is the power law
nonlinearity parameter. Generally, the parametrevais taken to be 1 in the study of Davydov
solitons. In this paper, the parameteiis taken into consideration so that it will sera® a
generalized approach. Thus, the parametelictates the degree of nonlinear regime that the
proteins in a biochemical system can be subjedett heeds to be noted that it is necessary to
have

0<n<2 (2)
in order for the Davydov solitons to exist, in peutar,n # 2 to avoid a singularity situation.

The Davydov 1-soliton solution to (1) is given by

1 ,
q(x,t) = Asechn[B(x — vt)]e!(-/x-wt+6) 3)
where

=T @)
_B e (5)

©= 2n2 2

2 \3
1+n

Here in (3), the parametéris the amplitude of the soliton, while the param&és the inverse
width of the soliton and is the velocity of the soliton. In the phase congrat is the soliton
frequency whilew is the soliton wave number. One of the many irstemg properties of this
equation (1) is that it has at least two conserueghtities that are the enerds) (

and momentumN{) that are respectively given by

Fr )
TEsy

E=f|mmx= (7)

and
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1 1

i KA’T (=)T (5
M= Ef (@"qx — qqx)dx = - (f) 1(2) (8)

- BT (5 +3)

Also, the velocity of the soliton is given as
d (1 (”
— | — 2

v= dt<E | #la dx) ©)

Perturbation Terms
In presence of perturbation terms that arises wyBav solitons, the perturbed NLSE is given
by [1, 3]

1
iq; + qux + |Q|2nq = ieR (10)

wheree is the perturbation parameter dRdepresents the perturbation
term. Also, here) < € < 1. Now, in presence of perturbation terms, the camskquantities
undergo adiabatic deformation that are given by

dE *
—_—= ef ("R + qR")dx (11)
dt .

dM *

S| @R-aRr)dx (12)

Thus equations (11) and (12) leads to the adiadafarmation of the soliton frequency as
dk € * *
7 [l_f (giR — q,R*)dx + Kf (g*R + qR*)dx] (23)
Finally, from (9) and (10), the change in the swiitelocity is
e o0
v=-—Kk+ z U x(q@"R + qR*)dxl (14)

The specific perturbation ternsare now given by [1, 3]

R=nq"q + Blaxl*a +v1qax + 81al*q + 20°qax +VIqlPax +$0%aG: (45
+ O-Qxxxx
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where the perturbation terms given by (15), reprisséhe dynamics odi-helix proteins with
internal molecular excitations and interactionshvitieir nearest and next-nearest neighbors and
also nonlinear couplings between molecular exaoitetiand interactions.

The adiabatic dynamics of the soliton ener§ydnd the frequency] in presence of the
perturbation terms given by (15), is

dE _2en* rEri)

—= n?k?(B—n—y—2A) +B%(n+p — 3y —3)}—=
dt n?B r (Z + %)
n (16)
rEHrE)
+ {n?64* - B*(n+ B -3y — 31)}ﬁ
r(z+2)
dk
— = 17
=0 17)
and the change in the velocity of the soliton 1sgiby
2 1
_ T (3 ()
vV=—K-— (18)
2BE F(g+1)
n 2

Thus, the dynamical system given by (16) and (Ef)eha fixed point, namely a node, that is
given by(E, i) wherek = k, with k, being a constant and

_ A2
E=— (19)

while 4 andB are obtained from the relations
ri3)
2.,.2 n2 n
{nkg(B-n—-y—-A+B (77+,3—3V—3/1)}ﬁ
r(z+2) (20)
ri3)
n

r(5+2)

={B%(n+ B — 3y — 31) —n?54%}
and (6).

Numerical Simulations

In this section we study the numerical solutiontted perturbed and unperturbed NLSE. For
solving numerically these equations we follow thppr@ach in [11] and lefx, t) = u(x,t) +
iv(x,t) . By making this substitution the modulus in tight and left hand side of the equation
are eliminated. The
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1
Up + 5 Vex + v(u? + v?) = e ImR (21)
1 22
vt—iuxx—u(u2+v2)=eReR (22)

These equations have initial datéx, 0) = Re(q(x,0)) andv(x, 0) = Im(q(x,0)). Weideman

et. al. showed in [12] that good results can be obtainedding spectral methods when solving

nonlinear PDE systems. In particular in that wdr& awuthors solved the Sine-Gordon equation
using Fourier, Sinc and Hermite spectral collocgatieethod. For purposes of this work the best
suited method is the Fourier spectral collocatiathad.

Amplitude Profile Soliton Propagation

Figure 1(a) Amplitude of Soliton Figure 1(b) Soliton Propagation

Numerical Example

For a numerical example we let the initial conditig(x, 0) = v2e**isech(v/2x). We let the
perturbation n=1¢ = 0.01,n =1, =A=y =1 andv = 2. The choice of these parameters
avoid any singularities when solving the relategkiode equation (16). The numerical solution
can be obtained by using tliensuite package used developed by Weideman (see [12] for
details).

The related amplitude equation predicts that weehavdecaying amplitude. The decay in
amplitude can be seen in figure 1(a). This mateti#s the soliton’s numerical solution seen in
figure 1(b).

CONCLUSION

In this paper, the adiabatic parameter dynamidb@fsolitons ir-helix proteins are studied in
presence of the perturbation terms. The dynamigstem of the solitons amplitude and the
frequency leads to a fixed point that is actuallyoale. Therefore the solitons travel with a fixed
amplitude and frequency.

The numerical simulations of the solitons in presenf perturbation terms for the perturbed
NLSE are obtained. Finally, the adiabatic dynanutghe soliton amplitude is also obtained
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when the perturbation terms are turned on. Thesgerigal simulations give a clear picture of
the biological phenomena that is going on withgheteins.
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