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Abstract

A new approach for analysis and design of pre-ségsoncrete slabs is presented in this
paper. Cable profile is modelled by B-spline tpresent the cable shape. For finite element
analysis of pre-stressed concrete slabs, tendorc@mtete are modelled by 3 noded curved
bar and 20 noded brick elements respectively. Usigior calculus formulae, the cable
concrete interactions are precisely accounted hBuin efficient algorithm is proposed for
cable layout design. Using the proposed techniee®ral prestressed concrete slabs are
successfully analysed and designed.

Key-words: Pre-stressed concrete; B-spline; Cable layougdesiinite element analysis.

I ntroduction

Prestressed concrete is one of the most widely aeadtruction material. In prestressed
concrete , external pre-stressing force isliegppon the concrete to reduce or eliminate
the tensile stresses. Hence, cracking is presteotereduced and pre-stressed concrete
section becomes stiffer than reinforced concrewtise The downward deflection is
reduced or eliminated due to upward force wlschmposed on the concrete in curved
tendons. Prestressed concrete structures hasombe extremely useful in the
construction in liquid retaining structures damuclear containment structures where
absolutely no leakage is acceptable.

Analysis of three dimensional prestressed conattectures is a complicated task due to
complex nature of cable concrete interaction. Hy®uit of the prestressing cable plays very
important role in the stress distribution in pressred concrete structures. The cable layout
designs of prestressed concrete structures, agedpn text books, have been worked out on
the basis of limiting eccentricities. In these ggxtables are modelled as parabola and their
eccentricities are varied to reduce tensile steesdehe concrete. For realistic analysis of
prestressed concrete structures, an advanced dogethnique such as finite element
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method is employed. Linear finite element analy$EA) of pre-stressed concrete
structures has been reported by Pandey et]aB{tagohian et al [2,3], Pathak et al. [4].
Non linear analysis of the same are reporteBdwvoas et al. [5], Kang et al. [6], Roca et
al. [7], Greunen et al. [8], Figueiras et al. [ghnzyl et al. [10] and Elwi et al. [11]. Jirousek
et al. [12] and Buragohain et al. [2,3] have cdesed cable as parabolic and cubic curve
in shell and semiloof shell elements, whereasdey et al. [1] considered the cable as
parabola in 20 node brick element. Pathak et acdaAsidered the cable as cubic spline curve
in nine node Lagrangean element. Saleem Akhtal. €13 modelled cable as B-spline for
two dimensional finite element analysis.

In advanced attempts of cable layout design, Brandil. [14] and Kirsch et al. [15] [16]
carried out cable layout optimization using math&oah programming methods. Utrilla and
Smartin et al. [17], Quiroga et al. [18] obtaingutimum cable layout in bridge decks using
linear and non-linear programming respectively. histet al. [19] carried out multi objective
optimization of prestressed concrete beam and érglgder using Lagrangean algorithm.
Kuyucular et al. [20] obtained optimum cable pmfibf prestressed concrete slabs using
elastic theory and finite element method. The cablefile was assumed to be the
combination of parabola, third degree curve, faltigree curve and combination of parabola
and third degree curve having common tangent ajuhetions. These studies suffer from
large degree of complexity in data preparation ek &s in computations. To overcome these
limitations, in this study, a holistic approach Heeen proposed for analysis and design of
prestressed concrete structures. It has followaaduires-

(a). Cable profile is modelled by B-spline whichvexy suitable for these applications.
(b). Concrete and cable are modelled by twenty dduliek elements and three noded curved
bar elements respectively.

In this paper, theoretical aspects of cable mauglifinite element formulation etc., used in
the software development, are described. The peapssftware is validated with analytical
results of a simply supported beam and found tm loéose match.

Cable Modelling

The cable profile plays very important role duriagalysis of prestressed concrete structure
as pressure on concrete depends on the cableeprdiil analyse prestressed concrete
structures using analytical approach given in & books (Raju, [21], Lin and Burns, [22],
cable profile is modeled by parabola. This bringewt constant curvature and simplifies the
solution. But profile, thus modeled, becomes disomous at supports (Figure 1).

/—B-Sp]ine

l T T |

Figurel: Actual cable and parabolic profile
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Figure2: B-splineprofile

If cable profile, to maintain continuity, is moddley higher order polynomial, it results in a
very zigzag shape. In order to overcome thesecdlffes, in this study, cable profile is
modeled by B-spline. A B-spline is a typical cuviethe CAD philosophyQing and Liu
[23]; Rogers and Adams [Z4]it models a smooth curve between the given otdmérigure
2). The theory of the B-spline was first gegted by Schoenberg [250\ recursive
definition useful for numerical computation svandependently discovered by Cox and
by de BoofRogers and Adams [Z4] Gordon and Riesenfeld [26 ] applied the Brapli
basis to curve definition. The brief definitionf @-spline curve is given below and
detailed account of this can be found ing&e and Adams [24].

P(t):ZF?-Ni,k(t) o<t<n-k+2,2<k<n (1)
where,
|1 DO X St X,
" lonon otherwise

and

_(t= XN (1) (X NG o (1)
N, (1) = X = %)) + Ko —x) | — (2

In above equations,.Pare the n+1 defining polygon vertices, k is thdeorof the B spline
and N(t) is called the weighing function. x is the adlfial knot vector which is used for B-
spline curve to account for the inherent addedilfiety. A knot vector is simply a series
of real integersixsuch that xx;.; for all %. They are used to indicate the parameter t
used to generate a B-spline. The curve gendrlbws the shape of the defining polygon
and the curve is transformed by transforming thienohg polygonal vertices. The order of
the resulting curve can be changed without changimeg number of defining polygon
vertices.When a B-spline curve is used, theongetrical regularity is automatically
taken into account.

The friction between the cable and duct graduaijuces tension along the length of the
cable. The bar element is assumed to have two Gmists GP1 and GP2.In calculation of

friction loss the radius of curvature R is usedbl€dension at different locations along cable
profile can be obtained.
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Figure 3: Brick and curved bar element

If radius of curvatures at GP1 and GP2 heaRd R (Figure 3), cable tensions at B and C
after friction loss will be —

gETpM ) (3)

C-ﬁTBe(-uaZ—KLB_C)
where,
Ta =Tension at jacking end for first element
For subsequent elementgs Will become T of their previous elements.

o1 = LA.B/R]_ .................... (4)
a2 = Lec/R2

K = coefficient of friction
K= wobble coefficient

The length of the cable between A-B and B-C areutated as

Lag=V(Xa-Xg)*+(Ya-Ye)++(Za-Z8)° e (5)
Le.c=V (Xa-Xc)® +(Ye-Yc)*+(z8-2c)*

Analysis and design methods

(@) Analysisof prestressed structure

Because of the convex hull properties of the Bragplit is very suitable to represent cable
profile in continuous span structures. Braibant &elry [27], Pourazady et al. [28] and

Ghoddosian [29] have used this curve in shagimization problems and cable

geometry is being modeled as B-spline in thiigdy. For finite element analysis, cable is
modeled by three noded bar element and concre0hyded brick element (Zienkiewicz

and Tayler) [30]. In Figure 3, a 3 node curved dament is shown which is embedded in
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three dimensional 20 node concrete element. Thie exlerts tangential and normal forces on
concrete due to interactions between contactiniases and curvature of the cable as shown
in Figure 4.

Figure 4: Forces on concrete dueto cable tension

Tangential and normal forces can be given by -

dT, _ 1 dT
=—"f=—_" (6)
dX ‘T‘ do
T
p=-> 7
= 7)
Now the resultant force can be computed by -
I_D = Ptf + PnF] .................... (8)

Where T, is the tension in the cable and T is the tangentor.f andn are unit tangent and
normal vector.

Using the principle of virtual work, these loadsndae transferred to the nodes of brick
elements. The equivalent nodal force vector fazkbelement is given by-

{R :ﬁ NPy Tidp 9)

Cable reaction acts as concentrated loads on therete at the ends, where cable is
anchoraged. The anchorage end point forces caalt@ated by-

PHINYT (10)

where, Enqis the cable tension at the end points and [Nhésshape functions of 20 node
brick elements.

Now total load vector due to interaction of conerahd cable is obtained by-

R &R (11)
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This nodal load vector is applied on the three disn@nal finite element model along with
live and dead load vectors to include pre-stressfferts.

Local coordinates are required for known globalrdowates for calculation of the anchorage
end point forces as described below.

Let (x,y,z) is the global coordinate angn(() be the corresponding local co-ordinate.
Numerical computations of local co-ordinates candbained using following iterative
relationship-

& (&) |9 91 0¢h fx, -x
dy oy oy
= + - — — PR ¥ 12
,7 ,7 af 6/7 ac y|+l y| ( )
¢l 6], E E E VA4
o0& dn o¢

In above equation inverse matrix is the jacobiatrimnaxi.1, Yi+1, z+1) and (X yi, z) are the
known and computed values of the global co-ordmattarting values of, n, { are
considered as 0, 0, 0. The prescribed tolerang®is

Incorporating above mentioned formulations, a FORNRcodes named as PRECON3D

have been developed. An automatic mesh genera®rbban developed to create finite

element mesh. For this, coordinates of 20 seedtpaihthe main block are required. For

efficient debugging, flags have been used betweginmeomputational steps. The output file

stores results like pre-stress cable profile, press loss along the cable, displacements,
strain and stresses.

(b) Design of prestressed structure

An algorithm has been developed to find the cabj®ut so that stresses in the structural
element be below the limiting tensile stress. Basedtress results obtained from the finite
element analysis, cable profile is changed in ikegananner.

Criterion for cablelayout design

The convex hull property of the B-spline ensures tlurve to be convex or concave
depending upon the ordinates of the polygon. Thecatibe of the prestressed concrete
design is to get rid of the tensile stressesmfrthe concrete produced due to different
loading conditionsln Figure 5,a prestressed concrete beam is shown.

Figure5: Required cable profile
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It is assumed that top fiber at sectionarid 3 are in tension and bottom fiber at
section 2 is in tension. The shape of thble to eliminate the tension should be as
shown in the same figure. The shape of the cabilebe accurately represented by a B-spline
(Figure 2).By varying the ordinates of the B-spline, caldleape is changed to get the
desired profile. In this way any 3D prestressedcoete structures can be handled to obtain
the optimum cable profile.

Algorithm for layout design

In Figure 6 a concrete structure with typical loagis selected for cable layout design.
Assume the cable to be straight between aage ends and initial prestressing force
be P. Now finite element analysis of the arete structure is carried out for external

loads and initial prestressing force P actaigthe ends.
1 2 3 4 5

_Lﬁrrivv!j.f,,
s A3 c" -
_}/‘._-C

» €
23

Figure6: Variation of cable profile

Let sections 1,2,3,4 and 5 be such that botfdmre of 1,3 and 5 are in tension and
top fibore of 2 and 4 are in tension. Assutop and bottom stresses at these sections
be o and oy, , where i varies from 1to 5.

Since stresses at bottom fiber at 1,3 andreés in tension, the cable should be concave
there, whereas at 2 and 4 it should be @onVhe ordinates of B-spline will move
downward at 1,3 and 5 and will move upwaatl 2 and 4. Let the initial y-
coordinates of these points be,¥,ys,y» and ¥ Depending upon top and bottom fibre
stresses at a point, following four cases maydetected-

(a). Top fibre is in tension and bottom &bis in compression.
(b). Bottom fibre is in tension and top &bis in compression.
(c). Both fibres are in tension.

(d). Both fibres are in compression.

(@) Top fibre is in tension and bottom fibre is in compression

Let oy and oy, be top and bottom stresses, then a ratis Refined as

— g it
R ——+«-—+—— (13)
o, +abs (g)
where abs is the absolute value. New y-coordinatesefB-spline ordinates are
calculated as-

Ya=@Q+R)Y, (14)

here y represents the y-coordinate of the previgesation.
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y

Selection of slab loading, Cabl€
Profile

»
>

y

Finite Element modelling,
Boundary conditions

Change the cable
profile

y
Finite Element analysis, Study
of bending stresses

If stresses
are
increasini

Are the stresses
below limiting

Cable Layout completed

Figure 7: Flowchart for cablelayout design

Increase the loads

A

(b) Bottom fibre is in tension and top fibre is in compression
Like previous case the stress ratio is @efinn the following way-
R — g ib
gy tabs (o)

once againabs represents the absolute value. New y-cooreénat the B-spline ordinates
are calculated as:
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Vi = (1 - R)yi .................... (16)

A check on the compressive stresses at the top filt be made for it not to cross the
limiting value.

(c) Both fibres are in tension
If top and bottom both fibres are in temsiothen either the cable force should be
increased or the section should be redesigned.

(d) Both fibres are in compression

Check the compressive stresses at the top andhbitices for them not to cross the limiting
value. If they are below, cable profile is not edtd at that section otherwise redesign the
section.

These steps are repeated till the cable lprdbr limiting tensile stresses is obtained.
Based on this procedure, ordinate movementsB-spline are shown in Figure Bhe
flowchart of the proposed algorithm of cable layalgsign is shown in Figure 7his
algorithm is coded in FORTRAN software named as ER&D3D which is used for layout
design given below.

4 Numerical Examples
(i) Simply Supported Beam
A simply supported prestressed concrete beam oérBion 8000x800x300mm is analysed
using PRECONS3D software. The Pre-stressing forc00D00 N is applied on the beam and
the cable eccentricity at the mid span is 300 mhe Beam is discretised into 10 twenty node
brick elements and there are 128 nodes in FE mddwe. loading conditions and finite
element mesh are shown in Figure 8.

1000

4000
1000 |

- [ 12 .
e : Z00000N
W/ Pz &

[ — 1- —_— =2 =] [ CI Y S =
; 1,25 a3 pr.oxly i 53
80 mm /g - 5 [ 1 b
- Jf | — “f
-
2] 11 O T
S000MmMm

Figure 8: Simply supported beam

Following data is accounted for the analysis puepos
(a) Young's modulus of concrete = 2XN/mn7’
(b) Coefficient of friction = 0.20
(c) Poisson’s ratio = 0.20
(d) Density of concrete = 2500Kg/m>

Cable profile and eccentricity are given in Tablerhe bending stresses and displacements
for simply supported beam obtained from the sofénae given imable 2.
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Table 1: Cablelayout and eccentricity (mm) in ssmply supported beam

Distance from Poygon B-spline Eccentricity
left end (mm) | coordinates(mm) | coordinates(mm) (mm)

0 400 400 0

4000 -200 100 300

8000 400 400 0

Table 2: Bending stresses (M Pa) and displacement (mm) for simply supported beam

Distance | Coordinates | Stresses | Displacement
from (mm) (N/mm?) | (mm)
leftend

(mm)

2000 2000,0,0 -2.00 0.94
2000,300,0 -2.00 0.94
2000,0,800 +0.39 0.94
2000,300,800 +0.39 0.94

4000 4000,0,0 -2.31 1.31
4000,150,0 -2.31 1.31
4000,300,0 -2.31 1.31
4000,0,800 +0.66 1.31
4000,150,800 +0.66 1.31
4000,300,800 +0.66 1.31

6000 6000,0,0 -2.00 0.94
6000,300,0 -2.00 0.94
6000,0,800 +0.39 0.94
6000,300,800 +0.39 0.94

The stresses are compared with the same obtaieglarsalytical method as using formulae.
Top fibre stresses at mid section obtained frontmsot and analytical approaches are 0.66
and 0.67 MPa. The same for bottom fibre stresses-aB81 and -2.33 MPa. It can be
observed that both are in close match.

Stresses as per formulae
Given: Concentrated load P=6000 N
Span L=8000 mm
Pre-stress force P=200 KN
Cross sectional area A(b x h) = Bxmm
and eccentricity at mid section €&81m

Top and bottom stresses are-

fiop = — 2z - = + =2 =0.67 N/mm?
foottom =+ —ot - 2 82e — 5 33 N/mm?

2bht 4 bh?

369

Scholar Research Library



Ahmad Ali Khan et al Arch. Appl. Sci. Res., 2010: 2(1)360-375

(if) Two way prestressed concrete slab

A two way prestressed concrete slab of dimensidd0X¥2200x300 mm is considered for
cable layout design. Fourteen prestressing cabigch in length and width directions are
used. The slab is discretised into 49 twenty noddeck elements and 416 nodes. The
loading conditions and three dimensional finitenedat model are shown in Figure $our
concentrated loads, PL, of value 270000 N are egmn the slab.

S

Figure 9: Two way prestressed concrete slab

Following material properties are adopted:

(a). Young's modulus (concrete) = 2X10/mn

(b). Compressive strength of concrete = 40 Nfmm
(c). Poisson’s ratio = 0.15

(d). Wobble coeffient = 1xI&mm

(e). Tensile strength of concrete = 0.25 Nfmm

(f). Density of concrete = 2500 Kgfm

(9). Coefficient of friction = 0.20

The cable layout design is taken up for two condgi

(a). Constant Prestressing Force

A constant prestressing force of 2000000 N is appbn all the fourteen cables. Initially
eccentricities of all the cables are kept 25 mmxikt@am compressive and tensile stresses are
noted during the design process. It was obsenadntiaximum tensile stresses occur at four
locations a, b, ¢ and d which lie on cable 4 andHeince layout designs of these two cables
were taken up.
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Table 3: Bending stresses (M Pa) and eccentricity (mm) for constant prestressing force

Iteration Prestrss Maximum Bending Stresses Eccentricity
No. L oad (MPa) (mm)
(KN)
Compressive Tensle
1. 2000 -17.05 1.15 25.00
2. 2000 -16.91 1.02 28.18
3. 2000 -16.80 0.92 30.86
4. 2000 -16.70 0.82 33.17
5. 2000 -16.62 0.75 35.15
6. 2000 -16.54 0.68 36.88
7. 2000 -16.48 0.62 38.40
8. 2000 -16.42 0.56 39.74
9. 2000 -16.37 0.52 40.91
10. 2000 -16.33 0.48 41.97
11. 2000 --16.29 0.44 42.92
12. 2000 -16.25 0.40 43.77
13. 2000 -16.22 0.37 44.52
14. 2000 --16.19 0.35 45.21
15. 2000 -16.16 0.32 45.84
16. 2000 -16.14 0.30 46.41
17. 2000 -16.12 0.28 46.94
18. 2000 -16.10 0.26 47.43
19. 2000 -16.08 0.247 47.87

It took 19 iterations to converge to maximum temstress of 0.247 MPa. Due to friction,
cable prestress force got reduced from 2000000 89567 N. Maximum compressive and
tensile stresses along with eccentricities arergimeTable 3. Variation of eccentricity with
respect to iteration is shown in Figure 10. Thaeateomm of maximum tensile stresses with
respect to iteration is shown in Figure 11 whicbves non-linear trend.

60

50

40 /’//’/‘/’M |
30 /

Eccentricity (mm)

10

1 3 5 7 9 11 13 15 17 19

Iteration

Figure 10: Eccentricity Vslteration
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Figure11l: Tensilestresses Vslterations

(b). Variable Prestressing Force
In second case of layout design, eccentricitieslbthe cables are kept constant 25 mm.
Cable profile and eccentricity are given in Tabld3dsed on the stress analysis results, cable
forces are varied. The initial value is kept 200@@0 which is varied during the design
process. It is observed that at cable force of Q0BON maximum tensile stresses are below
the limit. The details of the tensile stresses @npressive stresses are given in Table 5.

19

Table 4: Cable Layout and Cable eccentricity (mm) at different sections

CableNo Cable4 Cable11 Eccentricity
Distance from end (mm) | O 2100 | 4200 | 0 2100 | 4200 (mm)
It Load | Ordinate
No | (KN)
1. P Polygon 150 100| 150 150 100 150 25
B-spline 150 125 | 150 150 125 | 150
Table5: Bending stresses (M Pa) for variable prestressing load
Iteration | Prestress | Maximum Bending Stresses Final
No. L oad (MPa) Prestressed
(KN) L oad
Compressive Tensle (N)
1. 2000 -17.05 1.15 1899567
2. 2010 -17.07 1.10 1909065
3. 2020 -17.10 1.05 1918563
4. 2030 -17.12 0.99 1928061
S. 2040 -17.15 0.94 1937559
6. 2050 -17.17 0.89 1947057
7. 2060 -17.20 0.84 1956554
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Scholar Research Library



Ahmad Ali Khanet al

Arch. Appl. Sci. Res., 2010: 2(1)360-375

8. 2070 -17.22 0.79 1966052
9. 2080 -17.25 0.74 1975550
10. 2090 -17.27 0.68 1985048
11. 2100 -17.30 0.63 1994546
12. 2110 -17.32 0.58 2004044
14. 2130 -17.37 0.48 2023039
15. 2140 -17.40 0.43 2032537
16. 2150 -17.42 0.37 2042035
17. 2160 -17.44 0.32 2051533
18. 2170 -17.47 0.27 2061031
19. 2175 -17.48 0.25 2065780
20. 2180 -17.49 0.22 2070529

14

1.2 1

Tensile stress (MPa)

2080

2060

2040
2020

1980

| Prestress (kN)

Ina

F
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2000
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e12: Tensile stresses Vs lterations
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It took 20 iterations to bring the tensile stressew 0.22 MPa. It is observed that due to
friction cable prestress force is reduced at theharage end and final prestressing force at
the anchorage end obtained from software is givefable 5. The variation of tensile
stresses with respect to iteration is shown inlRigwhich is almost linear nature. The
variation of final prestresses load with respegptestress load is shown in Fig. 13 which is
almost in linear nature and proves the correctoéfse software.

Conclusion

In this paper computational methods for analyst @esign of prestressed concrete structures
are presented. The cable segment in the finite exlerrs modelled by three node bar
elements, which is embedded in three dimensionek mlements. The pre-stressing cables
are modelled as B-spline curve whose ordinatesa&en as design variables. Stress analysis
is carried out using 3D finite element analysisisTépproach is coded in 3D FE software.
Using the proposed methodology, a two way presttessncrete slab has been successfully
designed to satisfy several design criteria. Itlsarmbserved that proposed approaches offers
a holistic tool for realistic analysis and desidpestressed concrete structures.
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