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ABSTRACT

This paper proposed a half-step uniform order symmetric continuous hybrid block method for the numerical
solution of fourth order ordinary differential equations. The interval of integration is taken within half-step for the
approximation of fourth order ordinary differential equations. The approach of collocation and interpolation
techniques was used to obtain the schemes and the additional schemes. The combination of power series and
exponential function was used as basis function for the approximate solution. An order six symmetric discrete
schemes was obtained and the properties of the methods show that it is zero-stable, consistence. Numerical
examples are presented to show the accuracy and efficiency of the method.

AM S Subject Classification: 65L05, 65L06, 65L12
Keywords. Continuous, Hybrid, Block method, Power seriespdhential function, approximate solutions, zero
stability, symmetric

INTRODUCTION

In this paper, we considered the method of apprateénsolution of the general fourth order initialueproblem of
the form

y = (x,y,y',y",y ") vy(Xo) =Ty (Xo) =0,y (Xo) =T,y I(Xo) =T, 1)

where X, , is the initial pointy, is the solution aX,, f is continuous within the interval of integratidbquation

(1) is of interest to researchers because of ittlevaipplication in engineering, control theory arideo real life
problem, hence the study of the methods of itstswiu

Most of the modeled problems in ordinary differahiquations do not have analytical solutions; st therefore
consider approximation to the solutions of the pgots, hence the use of numerical method is vergmtjve.

Conventionally, (1) is usually reduced to systentinst order ordinary differential equations bef@m approximate
method is applied to solve it. This reduction apglo has been extensively discussed by several rautie®
Lambert (1973), Fatunla (1988) and Jator (2002yals reported that due to the dimension of theltiegusystem of
first order ordinary differential equations, thepegach involves large human efforts. According taofemi

(1992), the major drawback of this approach of tatuis that writing computer programs for thesehmds is often
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complicated especially when subroutines are ingated to supply starting values required for thehoés. The
consequences of this are that longer time and hwefifarts are involved. Many prominent authors imithg Fatunla
(1981), Taiwo and Onumanyi (1991), Yusuph and Omying2005), Jator (2007, 2009), Ogunware etal (2015
Olabode and Omole (2015) just to mention few, hdeeeloped methods for the direct solution of (1jhait
reducing it to systems of first order ordinary diffintial equations. Olabode (2007), Udoh et al T200
independently proposed multi-derivative linear nstdp methods and implemented in a predictor-ctoremode
using Taylor series algorithm to supply the stgrtiralues. Although this kind of implementation vietl good
accuracy, the procedure is more costly to implentertause predictor-corrector subroutines involvesl veery
complicated, since they require special techniqaesipply the starting values for varying the stege which leads
to longer computer time and more human effort. Thisxtensively discussed by Jator (2007) and @la{2009).
Olabode (2007) developed linear multi step methmdttie solution of general and special third ordetinary
differential equations. Also, Muhammed (2010) depeld a six step block method for the solution efrfio order
ordinary differential equations.

Recently James et al (2015) developed a half-Stepiious Block Method for the Solutions of ModeRblems
of Ordinary Differential Equations. Power seriessw#sed as the approximate solution via the colimcaand
interpolation approach. It was reported that thié-ina@thod perform reasonably well with the existimgthods in
the literature.

The need to improve on the predictor-corrector me@tbo as to obtain another better method becameriam to
researchers in this area. Thus, a continuous |limeiti step method that computes the discrete nuistiab more than
one point simultaneously was developed. This istughaow referred to as Block method.

This paper is motivated by the need to address smtlmacks associated with the existing methodsly app
methods developed to solve higher order ordindifemintial equation which is more accurate andcedfit. This is
because much work has not been done on the ugertfiwation of power series and exponential functistbasics
function. The paper is organized as followed: Secf considers the mathematical formulation foretieping our
scheme. Section 3 considers the analysis of théc h@eperties of the method. Section 4, considéms t
implementation, application of the derived methoddlve some fourth order ODEs and conclusion.

2.0 Mathematical Formulation
We consider the combination of power series anabeexptial function as a basis function for approxiora

r+s-1 r+s j
Y (x)= ZaX”am ax @)

JOJI

Interpolation and collocation procedures are usechimosingsat off grid points and collocates poingt all
points.

\ resl ) _ - r+s ajxi—4
YY(X)= 2 iG-D(-2)( - 3x T ra,y @)
j=0 i (] —4)!
wherea, , a'sAnd XD[a’ b] . a are coefficients to be determined. We construdali-step Collocation

Method (HCM) by imposing the following conditions ¢(2)

_ .11 3
Y(Xn+j)_yn+j!J_O8 4 8 (4)
. 1131
DY il= f i =01_ P R
(i) = Frepn 1 =025 55 ®
Substituting (1) into (3) gives
o r+s-1 r+s a'xj—4
f(xyy,y"y")= Z JG-1G - 2)G- 3px "+ aT+sZ(J oy (6)
j=0
40
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We shall consider the off grid point of half witbrestant step-size (h) , Interpolating (2) at

X= xn,xm}/8 , Xn+%,xn+% and collocating (3) axn,xw}/8 , X“*%t’x"*% ,XM)/2 to give a system of non-linear
equation of the form

AX =B @)

T
WhereA:[aO’ai’a2’a3'a4’a5’a5’a7’a5]T ’B:[yn e L Tne 4 ’yn+/§ ’f" ’fn+/é 'fn+/}1» fn+433 ’fn+/2l}

r 55 77
2 3 4 5 6 7 )ha)haxn”)‘naxnaxn”xn
T s ]
2 3 4 5 6 7 mamaxn“naxnaxn“n
g T Tl Tl mdy g Chod _“‘”‘““7 EREERC Y
- UV SU- R S S PO e s W Wd WL WL
nl ”*%1 ity Tl ey mh T i L T |
2 3 4 5 6 7 0’2 33ax 8a>‘n ”%6177)%: "Xn
B R L e e
3 3 8 8 8 8 8
a Xﬂ a Xn a Xn a Xﬂ a Xﬂ
L R L S aj
= _0’4)(4 05X5 0’6)(5 O’Z(B 0’§8 ] (8)
0 o0 0 0 2 17 364 840 e, ™e, ™e, ™e ™
i i g a 51 6! 7! 8l
:04X4 05X5 0’6)(5 O’Z(B 0’§8 7
0 o 0 0 2% 18 308 86° %‘+ m%‘», m)[44, /Y4+ /4
ml mk, b a 51 6! 7 8l
:04X4 0’5)(5 06)(5 O’Z(S a§8 7
0 o0 0 0 24 1R %+ %+ N%J, 7?84, P
3 3 i a1 51 6! 7 8!
:04X4 05X5 0’6)(5 O’Z(B 0’§8 7
0o o0 0 0 on 180 8 . snd }/2+ ”*}{2+ ”*)[2+ /1/2+ e
ml ml k) 4 51 6! 7! 8!

Solving (8) for the g, 'S using Gaussians elimination method and substguiack into (2) and after much
algebraic simplification, we obtained the continsidwybrid half-step method of the form

\ JEAYA
AL L DV U AT LY MU I

is of the form
WEAFA K
Y(X) = Z aj (X)yn+j +h4[2ﬁj (X) fn+ij 100
j=0

j=0

41
Scholars Research Library



E.A.Areoand E. O. Omole Arch. Appl. Sci. Res., 2015, 7 (10):39-49

where a; 's and ,Bj 'Sare continuous coefficients expressed as functbnswhere
t=—=",—=— (11)

The coefficients ofy, ., and f, n+j are obtained as:

256 44
@ =" 3+ B t3-642-1)

(t) = (2565 - 160°% + 24)

%

2
a., () = —4t(64° - 32 + 3)
!

a3, () = 2t(32tz “12+ 1)

8
h4
ty=—————|55+11°- 364°+ 672 - 224- 384+ 102
Aolt) 3096576(L !
t) = 493 + 53° - 2296’ + 1344- 896- 102+
A= 12096 c£ 19 42
_p
By, )= h J493 +53° - 2296’ + 1344~ 896- 102+ 12
4
_h4
t) = 493 + 53° - 2296°+ 1344- 896- 10X+
Py 120960[ 19
-h*
t) = 493 + 53° - 2296’ + 1344- 896- 102+
Ay, 12096(£ 193
Evaluating (10) at = % gives the main method below
-h?
y . —4y ,t06y -4y +y =——[f -124f - 474 |- 124 ,+f | ] (1<
el el el Unes 2949120 v n+l ned e
To obtain additional methods, we use (12) and fdarfor the derivatives which are expressed as \igdlo
] 1 g 1 4 g 1
y(X):E Za j(x)yn+j +h Zﬁ j(x)fn+j (14)
j=0 j=0
1] @ [
') =13 2.a" ()Y, +h (Zﬁ i (X)fmj (15)
j=0 j=0
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Y'"(X)‘ ZCY"' ()Y +h4(z,5’ (X)fm,] (16)

2.1 FORMATION OF THE BLOCK FOR HALF-STEPHYBRID METHOD
Combining equations (13) and (14-16) yields thaeklof the form

0o = Z(J) (|)+h(4—i)[

AoYm i=0 dif(yn)+bi|:(ym) ], (17)
I VN | K
= (.) (i) 0) () (vm)_—
Flym)=
Yoogg Your Yogg Vo2 A A
0 [ _ _ _ : ] T 0
n = 0 () 0 0) O _ 4% 4 iqanti =
Y yn_}/8 yn_% yn_% yn_% ,And A identity matrix, i O(}é)}/2
wheni =0;
0 0 0 1 0 00 % 0 00 }{28 0 00 }/3072
eo_oc)()lel_ooo}ﬁe_ooo%ze_ooo}é84
- ] - ] 2_ ] 3_
0 0 0 1 3 y y
0 0 0 A 00 0 9 00 0 9.,
0 0 0 1 }/ }/ }/
L H 0 0o o ] 0 0o o | 0 0 0 48 |
'0 o o 3373 | [ 139 - 283 179 - 131 |
495452160 24772608 82575360 123863040 495862
37 59 -1 11 -1
0 0 O
i = 483840 | | 483840 18432 483840 241920
0 o o o 581 0 2889 — 1539 81 ~ 207
18350080 4587520 917504 917504 18880
11 1 -1 1 -1
o 0 0 ——— — -
L 15120 | | 540 5040 3780 24192 |
when i =1
'0 o o 113 | [ 107 - 103 43 - 47 |
573440 516096 860160 860160 51609
331 83 -1 13 - 19
0 0 O
4o 322560 b, = 40320 1344 40320 32254
1 o o o 1431 ’ 1863 - 243 45 - 81
573440 286720 286720 57344 57344
31 17 1 1 -1
o 0 0 Bl i il
i 6720 | | 1260 1680 420 4032
wheni =2
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o o o 37 1 3 - 47 29 -7
92160 512 15360 23040 3073
53 1 -1 1 -1
0o 0 0 — il - s Tt
5760 40 192 360 1920
147 117 27 3 -9
0 0 0 —— et
10240 2560 5120 512  1024(
7 1 1 1
0 0 0 — il il = 0
L 360 | 15 60 45
wheni =3
_O 0 o 251 | [ 323 -11 53 - 19
5760 2880 240 2880 576(
0O 0 O ﬁ __31 __1 __1 _1
720 180 30 180 720
% = 27 Eh 51 9 21 3
0 0 0 — == 2 == =
640 320 80 320 640
o o o 8 1 8 7
L 180 | | 45 15 45 180|

3.0 BasicPropertiesof Half-step M ethod
3.1 Order and Error constant of the Block

Let the linear operator defined on the method tre{y(x); h] , Where,

A[y(x);h]: A(O)Yer]i)—i(jiﬂyg)—h(“‘i) [ dif(yn)+bi|:(ym)] (18)
i=0

Expanding the forny ™ andF ( ym ) in Taylor series and comparing coefficients ofvi, obtained

CoY(X)+Chy (%) +...+ C,0°YP (X)+ C, shPyP (x)+ C 0P 2y 2 () + .

Aly(x);h] =
Definition: The linear operatoA and the associated block method are said to bedef g if
G =C=..=C,=C,,,=0C,,,# 0 C,, is called the error constant. It implies that izl truncation

erroris given by T, =C_,,h""*y"**(x) + O(hp+5)

Expanding the block in Taylor series expansion give
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(1h)j
0 ‘g, ; 1 1 o 1 3™ 3373 4 iV
R VAR VAN | VA | VG Ly | V.
j=0 j! 8 128 3072 495452160

;hj+4 j+4( 139 1 283 1] 179 3j 131,
|

| i o L O )
j=0 j! 24772608 8 82575360 4 123863040 8 495452160

w1 3 m 37 i
b ' _ h2yn ——h3yn —7h4 r(1|v) _
j=0 j! 4 32 B4 483840

J
® h +4( 59 1
>y ) - !+ - (s
j=0 j! 483840 8 18432 4 483840 8 241920

8 j 3 + 9 o 9 gm 5319 4 (iv)
2 Y = ¥n—-hyg————h "y ———h'yg—————h'yy 7 -
ET " g ™" 128 " 1024 " 18350080
§ hJ+4 j+4( 2889 QJ _ 189 (1 j . 81 i 297 i
ET 4587520 2

9175040 4 917504 8 183500g0

1.4]

(=h-" . .
[0e] 1 ] 1 n 1 m 11

2 J 2 3 4 (iv)
_ Y' = ¥n—-hyn——h"yg=——h"yn——h'yy 7 -
=0 1 N PN g "N oyg” N 151090 "

@ hl™ j j
5 (5408 —(1) —(% (Jij

| j=0 5040 3780 24192 2
Comparing the coefficients of h, the order & bhock is P = 6

31 101 1107 -1

With error constar& [

3.2 Zero stability of the method

1 00O 0 0O
. 0100 0 0O
[0 - A0]= | A - "
0010 0 0O
0 001 0 0O

A*=1*=0,4=0,0, O,ZI_ Hence the block is zero stable.

3.3 Consistence
A numerical method is said to be consisifathe following conditions are satisfies
i. The order of the scheme must be greater than @&l égd i.e. pl.
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where, p(r) and a(r) are the first and second characteristics polyn@amathe method. According to Olabode

and Omole (2015), the first condition is a suffitieondition for the associated block methodeabnsistent. Our
method is order p =f.. Hence it is consistent.

3.4 Convergence
The necessary and sufficient conditions for a nizakmethod are that it must be zero-stable andsistence.
Dalquitz (1964)

Figure 1, showing theregion of absolute stability of the Half-Step Block
Method

Region of absolute stability of Half step
1500 | T T T T T T T

1000

500

Im(z)
L]

-500

-1000

i 1 | | | I I I
-2000 -1800 -1600 -1400 -1200 -1000  -800 -600 -400 -200 0
Re(z)

1500 I

4.1 Numerical Experiments

The method is tested on some numerical probleragdmine the accuracy of the proposed methods.
Problem 1:
1

y" -y=0y(0)=1y(0)= 0y "(0F -2y "0y B=_1

-1, 1 _, 3
Exact solution:y(X) =—€&" ——e " +—CO0S
X ution: y(X) 2 4 > &)
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Problem 2:

y" —4y™+ 6y - dy +y= 0,

y(0)=0,y(0)= 1y "(OF Oy "(OF h=-——

100

2
Exact solution: y(X) = x&* — x°€" +§ x’e*

Problem 3:

y™ +2y"+y =sink),

y(0)=0,y'(0)= 0y "(Ox Oy "(OF ng_

A
2

Exact solution: y(X) =sin(x)— sinx ) cosK )—% sink ) cox(X)

The result of these problems is shown in tables Th& error is defined as

Error :|y(x) -, (X)| , where y(x) is the exact solution at{ (X) is our computed result.

Xval
0.0031250000
0.0062500000
0.0093750000
0.0125000000
0.0156250000
0.0187500000
0.0218750000
0.0250000000
0.0281250000
0.0312500000

Xval

0.0100000000
0.0200000000
0.0300000000
0.0400000000
0.0500000000
0.0600000000
0.0800000000
0.0900000000
0.1000000000

Exact Solution
0.99999023437897361000
0.99996093756357807000
0.99991210969686317000
0.99984375101724210000
0.99975586185848631000
0.99964844264972075000
0.99952149391541234000
0.99937501627536340000
0.99920901044469668000
0.99902347723384288000

Exact Solution
0.01000017002091131900
0.02000138733833788800
0.03000477511965851000
0.04001154165535324900
0.05002298300255914000
0.06004048568786080800
0.08009969016664333900
0.09014464253733747700
0.10020216323885874000

Tablel: Result of test problem 1

Computed Solution
0.99RYBI7316000
0.993FEBB55631000
0.9998KER568598000
0.99%B4R 647549000
0.99%155511853000
0.9994R¥878827000
0.99%ANP53553000
0.999%57250 18499000
0.9997(F8»22916000
0.999023671957000

Error
4.440892e-16
2.176037e-14
1.771916e-13
7.666090e-13
2.367773e-12
5.932477e-12
1.287681e-11
2.517841e-11
4.546752e-11
7.712331e-11

Table2: Result of test problem 2

Computed Solution

Error

0.010@®B1B33346300  4.045779e-10

0.02@X1BF 66566700
0.03E16UE 73330000
0.04@2EB588522400
0.050az55803040000
0.06@3#1148866100
0.080@B35 26638500
0.090BE24 48601300
0.10@1r2e4.16712000

Scholars Research Library

5.140672e-09
2.370293e-08
7.171947e-08
1.714445e-07
3.522734e-07
1.113780e-06
1.793916e-06
2.755268e-06

Time
0.0426
0.0447
0.0513
0.0501
0.0574
0.0564
0.0600
0.0633
0.0656

0.0680

Time
0.0446
0.0478
0.0515
0.0545
0.0569
0.0590
0.0642
0.0681
0.0702
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Xvai

0.0035156250
0.0070312500
0.0105468750
0.0140625000
0.0175781250
0.0210937500
0.0246093750
0.0281250000
0.0316406250
0.0351562500
0.0386718750
0.0421875000
0.0457031250
0.0492187500
0.0527343750
0.0562500000
0.0597656250
0.0632812500
0.0667968750
0.0703125000
0.0738281250

Exact Solution
0.00352800634504235600
0.00708086228399340540
0.01065869817355602500
0.01426164437259058700
0.01788983124319687400
0.02154338915180198400
0.02522244847025323400
0.02892713957690928900
0.03265759285774405600
0.03641393870744658000
0.04019630753052816400
0.04400482974243502500
0.04783963577066086000
0.05170085605586793900
0.05558862105300743700
0.05950306123244864000
0.06344430708110937500
0.06741248910358876900
0.07140773782331033500
0.07543018378366206400
0.07947995754914438700

Table3: Result of test problem 3

Computed Solution
0.003&ZR03801740
0.00 828D 35874720
0.01@EEEB®B38707000
0.01426B312683000
0.0173898.07592300
0.02BE3®15040400
0.02%423259991400
0.028RWA592539400
0.032882380544400
0.036WE8203161400
0.042r3BB43546500
0.0441015881804400
0.04 E538288787200
0.0588¥1%20801900
0.055538% 13500900
0.05282317 76062900
0.063244986208200
0.06 BEE2®86104200
0.07L2B77491700
0.0734BB217168200
0.07%2K1113226000

Error
1.995661e-12
2.336534e-11
1.048310e-10
3.105362e-10
7.278790e-10
1.467348e-09
2.662347e-09
4.469016e-09
7.066061e-09
1.065459e-08
1.545791e-08
2.172138e-08
2.971223e-08
3.971934e-08
5.205313e-08
6.704531e-08
8.504875e-08
1.064373e-07
1.316055e-07
1.609685e-07
1.949620e-07

Time
0.0760
0.0788
0.0808
0.0836
0.0940
0.0961
0.0981
0.1001
0.1083
0.1113
0.1135
0.1156
0.1244
0.1283
0.1307
0.1327
0.1419
0.1462
0.1484
0.1513
0.1595

CONCLUSION

In this paper, we have presented an order sixdtaff-symmetric continuous block method for numéiigagration
of fourth order ordinary differential equations.igtmethod shows that apart from single step oralimaultistep
method, half-step method can also be adopted fordihect solution of initial value problems of ftturorder
ordinary differential equations. The accuracy @& groposed method is demonstrated via three nuaheamples
as presented in table 1-3. The region of absotatgliy of the block method presented in figuraHows that it is
A(alpha) stable. Future research work will be diedcat developing a half-step method for directlengentation of
order greater than four.
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