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ABSTRACT:

This paper proposes a generalized 2-step continuoubistep method of hybrid type for the
direct integration of second-order ordinary diffet&@al equations in a multistep collocation
technique, which yields block methods. The schédnt@ned is used as a single continuous form

which serves as a family of formula invoIviﬁé S) such that on substitution of an off-step point
€ a bi-hybrid continuous scheme is obtained. Therdis equivalent is also obtained thereafter
from the continuous family of formula as a blockthod. It was discovered that Numerical
schemes of StOrmer-Cowell type were recoveredhigatechnique. The scheme obtained is
implemented to generate the numerical solutionettbed order ordinary differential equations.
The results obtained are compared with the Renowhederov method, known to be of optimal

Keywords: Collocation, Block method, hybrid, StOrmer-Cow&llymerov, Optimal Order

INTRODUCTION

Many field of applications, notably in Science dhadgineering yields initial value problems of
Second order ordinary differential equations arthefform,

Y =f(xyy), Y@=y, VY@=8 (1.1)
Many of such problems may not be easily solved yically, hence numerical schemes are
developed to solve (1.1). These equations are lysealuced to 2 systems of first order ordinary
differential equations and numerical methods oftF®@rder differential equations are used to
solve them. Linear Multistep Methods are powerfuinerical methods for solving Differential
eqguations.

Some researchers have attempted the solution ¥ (&ing linear multistep methods without
reduction to systems of first order ordinary diéfetial equations, they include Brown (1977),
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Lambert (1991), Kayode (2005), Adee et al. (20@3)umanyi et al. (2008), Yahaya et al (2009)
to mention a few. Lambert (1973) also discussedutabo optimal two step method called the
Numerov’s Method.

In our previous paper, we developed generalizedraels of continuous linear multistep methods
(CLMS) of hybrid type for solving first order ordirny differential equations, Ehigie et al.
(2010). Here, we extend our results to generalizimg solution to Second Order ordinary
differential equation via multistep collocation h@eque. This method helps to provide a
continuous numerical scheme which accommodatdsyhlid points, so that on substitution of
an off-step points a bi-hybrid scheme is obtained for the directgnation of (1.1) without
reduction to systems of differential equations.

In section 2, we present the theoretical procedisexl as a generalization for all cases in this
class. In section 3, the generalized method isvedrias a special case of the theoretical
procedure form=2. Examples of schemes generated from the genetahzethods were
derived in section 4. The Schemes generated wegskeimented on some problems in section 5.
Finally, conclusion and future research areas \aks@ stated.

1 Theoretical Procedure:
2.
Consider the system,

Y =F(Xyy), ¥YX%)=Ye, Y(X)=Y, 2.1)
The Numerical Solution to (2.1) can be obtainechgish m—step explicit Linear Multistep
Method (LMM) of the form,

m-1

20 Y =D B
= =0 (2.2)

for a second-order differential equation, Lamb&#73), but since we are interested in obtaining
an hybrid scheme, 2 hybrid pointd,—s) and (L+s) were introduced as a generalization of all

hybrid methods of this class so that (2.2) becomes,

m-1

Zaj yk+j = hZZﬁj fk+j + h2ﬁ3+1fk+s+1 + hzﬁl—sfk—sﬂ (23)
j=0 j=0

To obtain the CLMS for (2.1), it is necessary te tl®e power series,

Y(X):.sz:ai(x_hxkjj (2.4)

wherem is them - step method of this class.

Let m and n be numbers of interpolations and collocations eespely, then we shall have a
system of(2m+1) equations of the form represented in the matriavge

363
Scholar Research Library



J. O. Ehigieet al Arch. Appl. Sci. Res., 2010, 2 (6):362-372

d11 d12 d13 dlm dlm+1 dlm+2 "' d12m+1 v
d21 d22 d23 d2m d 2m+l d2m+2 "' d22m+1 a, k
: : : : : a Yk+1
drm dm2 dm3 dmm dmm+1 dmm+2 dmzm+1 a, v :
drmn dm+12 dm+13 t dm+1m dm+1m+1 dm+:|m+2 U dm+12m+1 a | ;er_l
dm+21 dm+22 dm+23 dm+2m dm+2m+1 dm+2m+2 dm+22m+1 D - h fk+1
: [ , :
o PRDPIN P o PR Domam Donama Danamen P h*f.
D1 e
k+s+1
0 0 fo(9 - fra(®  fra(9) fu(s) - () %m h? frcn
0 0 go(s) O (S) O (S) gm(s) Oom (S) (2_5)

Where d; are as derived in the interpolations and collocatigespectively as derived in
Okunuga et al (2009) and, (s) and g, ) are polynomials of degrep . i.e,

(9= ds
and, gp(s):zp:qsi

Expressing (2.5) further as,

DA:C
= A=D"C

where A= a;=@¢(shY.;, fi.j) fress fiesa) » FOr j = 012,---,2m

substituting:a;, j = 0,12,---,2m in (2.4), we shall obtain,
Y(xs) =

m-1 m-1
Zaj ( X S)Yk+j + hZZIB]’ (X’ S) fk+j + hzﬂsﬂ(xi S) fk+s+1 + hzﬂl—s(xi S) fk—s+l
such that for any appropriate valuesfa new CLMS of hybrid type is generated and giagn

m-1 m-1

Y(X) = zaj (X)Yk+j + hZZﬁj (X) fk+j + hzﬁsﬂ(x) fk+s+1 + hzlgl—s(x) fk—s+1

where, a, (X) = iaji [X—hxk ]I andﬁj (X) = iﬁji(x;xk ]I

This can be used to generate block methods onahi@uof Y(X) at X = X, Xc_sex AN X0
respectively.
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3.

Derivation of the Generalized method for m=2

For such a2 - step hybrid method, i.e. setting!= 2 Let the basis polynomial to the problem

(2.1) be given as,

2m X — ]
Y(x)=2aj( hxkj
=0 (3.1)
Interpolating x; : j = O1 and also collocating"(x) at x; :j = 0,,(1-s) and (L+5s)
We shall obtain the system of equation expresfiéyrtatrix,
1 00 0 0 a, Y,
111 1 1 aQ A
0 0 2 (6+6s) (12+24s+125°) | @, |=| fi,q.y
0 0 2 6 12 a, fis
_ _ 2
0 0 2 (6-6s) (@2-24s+125) )\ a, fresn (3.2)

Solving this system of equations with maple sofewvarhe hybrid terms was delayed so as to
obtain a generalized schemes rather than an indivicbntinuous formula which is limited to a
particular svalues as in Yahaya et al. (2009). We obtain,

8 =Y,
a:L -7 24':2 (24Yk52 + 3h2 fk+s+1 - 6h2 fk+1 + 3h2 fk—s+1 - 4hzs.I:k+s+1 + 4h2 fk—s+1S - 24Yk+152 + 12h2 fk+152)
h? ) 2
a2 - p(fk+s+l -2 fk+1 + fk—s+1 - S.I:k+s+1 + fk—s+1S+ 2 fk+1s )
h2
aS = _127(2 fk+s+1 -4 fk+1 +2 fk—s+l - ka+$+l + fk_3+ls)
h2
a = ﬂ(fk+s+1 -2 fk+1 + fk—5+1)

Substitutinga, , j = 0,1, 2,3 and 4into (3.1), we obtain,

Y(xs)=
e ) 25
- = 6s 8s’ h 4s* 4 h
1- X=X, Y, + ﬂYkﬂJrhg S 8s S S [
h h 1 1Y x=-x Y\ 1 (x-x )\
Kk K
+ - +
i (125 GSZJ( h j 2432( h j |
( 1 1][x—xkj (1 1 j(x—xka_
_— + — ——
2 2
+h? 4s° 2 h 2 2s h P
3 4
1 (X=X 1 (X=X,
+ —
| 3’ h 12s*\ h
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6s 8s h 4s  4s’ h
+h2 > > > > fk—s+1 (33)

_(1+ 1jx—xk 3+ 1 (x-x)
| \12s 6s° \ h 24s*( h

and its first derivative is,

Y'(%s)=
N G e |
2 2 2
{_ E}Yk-'-(lekﬂ-'-h 6s 8s 2s® 2s h 4s 2s h [
3
h h 1 (X=X,
+ —
| 652( h J il

S
+h f (3.4)

( 1 1 j ( 1 1 J X=X,
- =+ = |+| —+— -
6s 8s’ 2s 2¢° h
h 2 3 fk—s+1
( 1. 1 j X=X, 1 (X=X%,
—+ +
4s  2s? h 6s* h
Y(x9) is evaluated ak = X,_,;, X..sx and x,,,, respectively to obtain the generalized discrete
hybrid schemes from (3.3) as,

Yk—s+1 - [1_ ngﬂ - SYk =

J1 1 ¢ s 1 5g? O
W =~ (fesn t| "ot ot Tt 5 5ot 5 | fesn
12 24s 24 2 125 12 12 24s 8

Yk+s+1 - [1+ qu+l + SYk =
(1. 1 & s 1 58 1. 1 ¢

-——t +— fk+s+1 5l + fk+1+ —t T A fk+s+l
| 12 24s 8 2 12s 12 12 24s 24

1 1 1
Yk+2 _2Yk+1+Yk:h2{ 2 fk+s+1 +(1_ ijkﬂ +( zjfk—s+1:|
12s 6s 12s (3.5)

(3.3) which involves function o(x,s) is the generalized continuous formulation of asslaf

2 - step continuous hybrid scheme which yield the gaiesed discrete block methods (3.5) on
substitution of an appropriate value cn‘DQ,sD(O,l). Similarly, the derivative (3.4) is
evaluated ak = X,_,; X, » and X,,,, respectively to obtain a generalized block scheme,

N

h
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1 1
hYk+1 + hY =

h(i_i+ijf +(1_2_S_ijf +(i+ 1 _Ejf
12 12s 2482 ) " (2 3 1287 ) %' (125 245 12)
I

k+s+1 h h

1 55 1 1 1 2s 1 1 S
h P fk+s+l 5l > t— f|<+1 + + > A fk—s+l
128 12 24S 2 12s 3 12s 24s 12

1 1 5 1 3 5 5 1
Y., —=Y, =Y. =h +— |f t——— |f | ————|f
k+2 h k+1 h |:[ 245 65) k+s+1 [2 1252j k+1 [2452 65) k—s+1:| (3 6)

which is used to obtain derivative valueg ) present in thef ,; = f(X.,;, V.., Yn:;) in the
main problem (2.1).

Yk—s+1

Y,

4, Examples of schemesderived from the generalized continuous scheme

We shall now substitute into the generalized CLIGSXats:%, we obtain the CLMS,

Y(i() (Tijy{l (X_Xkﬂw

A AR
L AR e
PSR 5T

Substitutings :% in the generalized discrete block scheme or etialy§.1a) at

X = Xyos Xiwsry @NA X, _q,, Yields,

3 1, _h?
Y -2y, -y, =L |-31f ,+30f, -11f .
k+z 4 4 128 k+71 k+:1

2
Y 5 _EYk+l+iYk h
ke 4 4 384

2
Yisz = 2o ¥ {4f 5= 5fy +4T) 5}

{%f 5 =70+ 35fk+5}
4 4

3 (4.1b)

Substituting again into the generalized CLMS (&B$:%, we obtain the CLMS,
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e
A

+

Substitutings :%

X= Xk+2 ! Xk+s+1 and Xk—s+1 yields!

2
1 -2 k+1 EYk:h_ —13f
k+5 2 2 96 k+-
h2
Y 3 3Yk+l+1Y —| of 1+6fk+1
k+§ 2 2 32 k P

which are the schemes derived in Yahaya et al (009

Also substituting (3.3) ai;-§ we obtain the CLMS,

ol
A
R

SRR R

h?| +

+

Substitutings =

X = Xypos Xiweny @NA X, _,, yields,

1 3
- ZYk+l - ZYk =

7 3
Zﬁﬂ Zﬂ

2
Yk+2 - 2Y|<+1 +Yk :h_ 4f
27

h2

~79f |
115 k+z

Y

k+

1
4

Y .-

k+—
4

 T19%

k+=
4

LA
e(x th] 2( th] 6(X;Xk]3+?ls(x;&]4}ki

in the generalized discrete block scheme or etialy#4.2a) at

~34f,,, +5f 7}

—

3 47]
X% ) LA X7%
E ks

—h

k+1

1(4.29

(4.2b)

1(4.3a)

% in the generalized discrete block scheme or etialy#4.3a) at

K+t
4

2
=" l133r | +574f,, +40f |
115 ke k!
ot |
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5. I mplementation of the Methods

To be able to implement these block schemes (#1) and (4.3). Many Explicit schemes were
generated here in abundance via multistep collocatechnique to evaluate starting values.
These schemes were generated to predict some walies expected in our schemes. But these

schemes are used with respect tothe use.

Although, Taylor’s series was used to evaluatevtdiees fory,,, . i.e,

h? h® | of of of
=y, +hy, +—f +—{—F+y K +f —<Li+0O(h*
Vi = Yi T Yy R { o%, K ay, k ayl,(} (h%)

1 1
E(ykﬂ - yk)+§hfk

for y,.,. Note that thaty, andy, are the initial values given in the problem (2.1).

and! y'k+1 =

Numerical Examples
Four examples are solved to demonstrate our denwvetthods for values af y(s) being the

numerical solution at valuge Our results from block methods (4.1), (4.2), J4aBe compared
with the Numerov method which is of optimal order.

1. y"+y=0, vy0)=1=y'(0), h=0.1
Analytical Solution: y(x) = Cosx+ Sinx

2. y'-100y=0,y(0) =1 y(0)=-10, h= 001
Analytical Solution: y(x) =e™'%

3. ¥'-y'=0, y0O=0 y'(©0=-1, h=01
Analytical Solution: y(x) =1-¢*

)
4. y'= 2y ===y = 1=2X2  h=o01
Y=oy TN 6) T2 6) T 2

Analytical Solution: y(x) = Sin°x

RESULTS
1(a) Numerical Solution and Table of Errors
X y(1/2) y(1/4) y(7/4) optimal analytical X Ey(1/2)| Ey(1/4) Ey(7/4) Eoptimal
0 1.0000000000 1.000000000D 1.0000000000 1.000000Q0 1.0000000000 0 0.00E+0D  0.00E+DO  0.00E+400  0.00F
0.1 1.0948333333 1.0948333333 1.0948333333 1.088333| 1.0948375819 0.1 4.25E-06 4.25E-p6 4.25E406 25406
0.2 1.1787274551 1.1787274552 1.1787274527 1.173B37 | 1.1787359086 0.2 8.45E-06 8.45E-D6 8.46E}06 46EB06
0.3 1.2508441229 1.2508441236 1.2508441157 1.250844 | 1.2508566958 0.3 1.26E-0b 1.26E-p5 1.26E05 26EL05
0.4 1.3104627711 1.3104627729 1.3104627564 1.3104793363| 0.4 1.66E-0b 1.66E-p5 1.66E;05 66EL05
0.5 1.3569877099 1.3569877136 1.3569876450 1.3570081005] 0.5 2.04E-0p 2.04E-05 2.04E}05 05E205
0.6 1.3899540774 1.3899540842 1.3899540396 1.3899780883| 0.6 2.40E-0b 2.40E-p5 2.40E;05 41E205
0.7 1.4090324847 1.4090324959 1.4090324314 1.4090598745| 0.7 2.74E-0b 2.74E-p5 2.74E;05 75E205
0.8 1.4140323067 1.4140323236 1.4140322353 1.4148332 | 1.4140628002 0.8 3.05E-0p 3.05E-05 3.06E}{05 07E305
0.9 1.4049035867 1.4049036110 1.4049034950 1.4068533| 1.4049368779 0.9 3.33E-0p 3.33E-05 3.34E}05 35E305
1 1.3817375360 1.3817375694 1.3817374217 1.3811037246 1.3817732907 1 3.58E-0% 3.57E-05 3.59E{05 3@DE-
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1(b) Graph of Solution and Bar Chart of Errors.
15000000000 -
4,00E-05
1.4000000000 - N y(1/2)
- 3.00E-05 mEy(1/2)
13000000000 - , S 1/4
4 viL/e) 2.00E05 Ey(1/4)
12000000000 - 2 — W74 LOOELS o
/ BEy
11000000000 - -~ optimal D00EH0
10000030000 T i T ¥ Eoptimal
0 010203040506070809 1 00.10.20304050.60.70809 1
2(a) Numerical Solution and Tables of Errors
X y(1/2) y(1/4) y(714) optimal analytical X Ey(1/2)| Ey(1/4) Ey(7/4) Eoptimal
0 1.0000000000 1.0000000000 1.0000000000 1.000@00Q0 1.0000000000 0 0.00E+0p  0.00E+D0O  0.00E+400  0.00E+
0.01 0.9048333333 0.9048333333 0.9048333333 0.93833 0.9048374180 0.0L 4.08E-06 4.08E-P6 4.08E-08.08E-06
0.02 0.8187225417 0.8187225394 0.8187225439 0.2B365 0.8187307531 0.0p 8.21E-Q6 8.21E-DP6 8.21E-08.21E-06
0.03 0.7408057996 0.7408057927 0.7408058057 0. 8136 0.7408182207| 0.08 1.24E-05 1.24E-P5 1.24E-0%.24E-05
0.04 0.6703032900 0.6703032766 0.6703033020 0.8313u 0.6703200460 0.04 1.68E-05 1.68E-P5 1.67E-0%.67E-05
0.05 0.6065094003 0.6065093785 0.6065094197 0.60833 0.6065306597| 0.0p 2.13E-05 2.13E-P5 2.12E-08.12E-05
0.06 0.5487856598 0.5487856278 0.5487856883 0.57282 0.5488116361 0.06 2.60E-Q5 2.60E-P5 2.59E+08.59E-05
0.07 0.4965543500 0.4965543060 0.4965543892 0.4965% 0.4965853038 0.0y 3.10E-05 3.10E-P5 3.09E-08.09E-05
0.08 0.4492927225 0.4492926647 0.4492927139 0.28922 0.4493289641 0.08 3.62E-05 3.63E-P5 3.62E-08.61E-05
0.09 0.4065277670 0.4065276938 0.4065278322 0.493%3 0.4065696597| 0.09 4.19E-05 4.20E-P5 4.18E-08.17E-05
0.1 0.3678314776 0.367831387[1 0.3678315581 0.366231 | 0.3678794412 1 4.80E-0p 4.81E-05 4.79E105 HOB
2(b) Graph of Solution and Bar Chart of Errors.
10000000000 - )
-5 9
09000000000 y b.00EC5
ogooodooo . yi1/2) - mg1)
0.7000000000 - N e y(1/4) '
0,6000000000 - S " 2 00EGS - Ey(1/4)
05000000000 - . 1) -
.
04000000000 - S~ - - optimal 0.00E400 4= /
I T T T T T T T T T .
0.3000000000 +——————————1— e analtical B Eoptimal
OA4Nmg N OLKNHO A -
cooOoB06C0 g 0 010203040506070809 1
OO0 O0OCo0O0O0o
3(a) Numerical Solution and Tables of Errors
X y(1/2) y(1/4) y(7/4) (Ya?gszggog) analytical X Ey(L/2) | Ey@a4)| Ey7i4) Eoptimall
0 0.0000000000 0.000000000 0.0000000000 0.0000@00p 0.0000000000 0 0.00E+0Pp  0.00E+(00O  0.00E+400  0.00E+
0.1 -0.1048333333 -0.1048333333 -0.1048333333 48383333 -0.1051709181 0.1 3.38E-04 3.38E{04 3(B8BH- 3.38E-04
0.2 -0.2206806084 -0.2207517778 -0.2206078733 90. 263896 -0.2214027582 0.2 7.22E-04 6.51E{04 7®@6H- 1.16E-02
0.3 -0.3486977969 -0.348934272p -0.3484633860 43812337 -0.3498588074 0. 1.16E-03 9.25E04 10®H- 3.50E-02
0.4 -0.4901633083 -0.490678740[7 -0.4896604103 00221807 -0.4918246976 0.4 1.66E-03 1.15E403 2(BH- 7.18E-02
0.5 -0.6464898986 -0.647420091p -0.6455911064 53326638 -0.6487212707 0. 2.23E-03 1.30E403 303H- 1.23E-01
0.6 -0.8192387372 -0.8207450288 -0.8177929(79 00.6B3694 -0.8221188004 0. 2.88E-03 1.37E403 4(B3H- 1.91E-01
0.7 -1.0101349960 -1.0124081343 -1.00796367172 63239488 -1.0137527075 0.7 3.62E-03 1.34E403 50®H- 2.77E-01
0.8 -1.2210850778 -1.2243496271L -1.2179784459 20820483 -1.2255409285 0. 4.46E-03 1.19E403 7(E5H- 3.84E-01
0.9 -1.4541956546 -1.458715006R -1.4499079018 78033139 -1.45960311172 0.9 5.41E-03 8.88E{04 90®H- 5.12E-01
1 -1.7117947063 -1.717876769D -1.7060388057 -14083913 -1.7182818285 1 6.49E-03 4.05E-D4 1.22E02.658601
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3(b) Graph of Solution and Bar Chart of Errors.
00000300000 L T 1T T T T T T 1 711 _
0 0204 06 08 1 (12 Lo0E0L
"_\J— B - T v ! I
0,5000000000 ‘ LO0E01 mEy(1/2)
I vi1/4) ,
5.00E02 Fy(Lia)
-1.0000000000 4 N e v(7/4] I
W Ey(7/4)
B - - -~ optimal (Yahava) 0.00E400 o Y
=100 1 il T T T T T T T T T T T 1 lEoptma
J 0010203040506070809 1
-2,0003000000 -
4(a) Numerical Solution and Tables of Errors
X y(1/2) y(1/4) y(7/4) analytical X Ey(1/2) Ey(1/4) Ey(7/4)
0.524 0.2500000000 0.250000000D 0.2500000000 002R000 0.524 0.00E+00 0.00E+0(Q 0.00E+0p
0.534 0.2587096767 0.258709676[ 0.25870967/67 [00120554:10] 0.534 1.66E-09 1.66E-09 1.66E-09
0.544 0.2675158796 0.2675157991L 0.2675159099 O1BBE30 0.544 1.66E-08 6.39E-08 4.70E-08
0.554 0.2764150870 0.276414842p 0.2764151876 015084.5 0.554 4.55E-08 1.99E-07| 1.46E-07
0.564 0.2854037394 0.285403245p 0.2854039599 00238540 0.564 8.84E-08 4.06E-07| 3.09E-07
0.574 0.2944782418 0.294477411p 0.2944786414 0730962 0.574 1.46E-07 6.85E-07 5.45E-07
0.584 0.3036349648 0.303633710p 0.3036356121 07364 0.584 2.17E-07 1.04E-06 8.65E-01
0.594 0.3128702460 0.312868478p 0.3128712191 0630220 0.594 3.04E-07 1.46E-06 1.28E-0
0.604 0.3221803916 0.322178021p 0.3221817783 0732863 0.604 4.05E-07 1.96E-06 1.79E-0
0.614 0.3315616780 0.331558613p 0.3315635751 0633661 0.614 5.22E-07 2.54E-06 2.42E-0
0.624 0.3410103528 0.341006503p 0.3410128667 002693 0.624 6.54E-07 3.20E-06 3.17E-0
4(b) Graph of Solution and Bar Chart of Errors.
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CONCLUSION

This paper has demonstrated the derivation of argémed continuous linear multistep method
for the direct integration of second order ordindifferential equations without reducing it to
systems of first order ordinary differential eqoatwhich has been the usual practice. Also, the
paper has presented a generalized scheme whichageneeveral block/parallel schemes for
substitution ofs value. Numerical results show that the schemesrgéed converges better on
some problems than the optimal order method. Coatia Linear Multistep methods are self
starting because explicit discrete schemes dexigedollocation techniques were used to predict
both grid and off-grid points.

Since these methods involve an explicit definiiiois however suggested that an additional term
f.., will be added to obtain another class of fully limip block schemes in a future paper. Also,

stability analysis will be carried out which is egbed to be dependent @& this enables the
choice of the best method that suites a problem.
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