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ABSTRACT

In this paper, the irreducible characters of dihaldgroups of ordeR™ (n = 3) were discussed. The method
adopted uses some basic facts on dihedral groupgresentation theory and the Group’s Algorithms and
Programming (GAP) to obtain the results. It wasebed that all dihedral groups of ordez™ (n = 3) are non
abelian and non simple groups.

Key words: Dihedral groups, Simple, Abelian, Irreducible, Glwer

INTRODUCTION

A dihedral group is a group of symmetries of a tagypolygon, including both the rotation and refien
operations. Dihedral groups are good example adfefigroups and have a series of applications innG$tey,
Physics, Mathematical Sciences and Engineering.

The dihedral groupD,is that group generated by two elementandy, which satisfy the relation, x™ =
y4(y)? =e.

In this paperD,,refers to the symmetry of a regular polygon wittides.

Conventionally, we write

D, ={1,x,x2 ... x" Ly, xy, x%y, ... x"y},

In section two, some basic concepts of representdiieory were discussed. Section three, dwelthempplication
of The Groups Algorithms and Programming (GAP) wmrs4.12 to discuss the Commutativity and Simpfiof
dihedral groups of degrg@ (n > 3). The main results of this paper will be statedéwtion four.

MATERIALS AND METHODS

To begin with, there is the need for some prelimyriact and brief discussion of notations.
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2.1 Definition
Let p: G —» GL(n, F)be a representationof a grodpover a fieldF. The functiony:G — F defined byyx(g) =
tr(p(g))is called character gf.

2.2 Definition (Feit 1971)
An irreducible character of degree one, is calltidear character.

2.3 Corollary
If X1, ..o, xic@re all the irreducible characters®@fandy = Y¥ , n;y;and¢ = ¥, m;y;are any two characters
of G, then (y, ¢) = X¥_ nym,.

Proof:
(0 d) = i, Xl mx;) = s, nemydxe, x;) = iy nym. Thug(y, ¢) = 0 and (x, ¢) € Zand in particular,
(x) =Xk n?

2.4 Definition
A representatiomp of Gis said to be irreducible if it is not a direct swfother representation 6tAlso a character
is said to be irreducible if it is not a sum of etlcharacters af.

2.5 Theorem
LetF = C.If G is finite Abelian group then every irreducible repentation of; is linear.

2.6 Theorem (Maschke’s Theorem)
Let G be a finite group antt a field whose characteristics is either 0 or aprthat does not dividé |, then every
representation af overF is completely reducible.

2.7 Lemma
SupposeF = Cand letybe character ofi. Theny(g™1) = x(g) for allg € G, wherey(g) denote the complex
conjugatey(g).

Proof:

Let ybe the character of the representafi@i G of degreen and letH = (g)be a cyclic subgroup @ generated by
the elemeny € G. We can certainly restrigito a representatiofi of H. By Maschke’s theorem and Lemma 2.4 we
know thatS is completely reducible and hence direct sum efitteducible representations. From Theorem 2.5 we
also know that all irreducible representatiortidiave degree one, sinHes abelian. Thus we have for glle G:

&G 0
S~ =~ i)
0 - &
Where eaclf; € C,i =1, ......k.If |g] = m,thenS(g™) = S(g)™ = I and hence
™ =1V i. Thus|{;| = 1and it follows thaf;* = {,.We get
ot 0 G - 0
S H=S@7 '~ ¢ ~ i =l o= i)
~ 0 - _(K—l 0 - &
Hencex(g D) =4+ e+ =4 + oo e + 3 = x(9).

2.8Lemma
Let ybe character of . Thenyis irreducible if and only ify, x) = 1.

Proof: [Leder, 1977]

(=) Let C be defined as before, but assume now That T'. We derive fromT'(g)C = CT(g)and from Schur’s
Lemma thatC = AI, A € F.On one hand we have(C) = An and so on the other hand

tr(C) = |G|tr(M), Sincer(T (k) *MT (k) = tr(M)Vk € G.

120
Scholars Research Library



M. A. Mohammed et al Arch. Appl. Sci. Res., 2013, 5 (5):119-125

Hencel = |fl—'tr(M). We equate the two expressions foto get

Z 1 _ Gl _ 16l
T(k~Y)MT (k) = Al =—tr(M)I = (. N )
keG

n n
Again this must hold for any arbitrarily defined tma M and by equating coefficient in the above equati@n
derive:

0, ifi #qorj#p
N e w =tl6
= P ifi=qandj =p
1ifi=j

If we lets;; = {0 ifi+) then we rephrase the above as

1
<tij' tpq) = ;‘Siq‘sjp'
We conclude that

1
x) = Z(tiz. tjj) = Z;SUSU =1

L] L
(<) If xq ... xy are all irreducible characters @f we can expresgas
x =YX nixmn; =0. Assume thdy, y) = 1, the by corollary 2.3

k

x) = Zn? =1

i=1
Sincen; € Zandh; > 0, we have that for ong n; = 1 and for allj # i, n; = 0, and sgy = y;andyis irreducible.

2.9Lemma
If X1 ... ... ... xic@re all the irreducible characters@fthery ¥, x,2(1) = |G|.
Proof:
k k
161 = xe (D = | ) 1| (D = D 2D,
i=1 i=1

2.10Theorem
A groupG is abelian if and only if every irreducible chaexgy; of G is linear.

Proof:

(=) Proved in Theorem 2.7

(&) Let xq .......,xxbe all the irreducible characters &f. Assume thatVvi =1,......,k, x;(1) = 1.Then
Tl = k.

From Lemma 2.9 we also ha¥&_, |x;(1)|? = |G]|.

Hence|G| = kand every element df forms its own conjugacy class. Consequently, fedamdard results in group
theory, [Green 1988, p. 78], we can deduce thalathent of7 lies in the centre af. ThusG is abelian.

2.11Corollary
If H< G,thenH =n {kery; | H < kery; }.

2.12Corollary
Let y,be the character of the trivial representation. Thie simple if and only if
kery; =1 for 2<i<k.
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Proof:

(=) Fori=1,kery, = G.SupposeG is simple, i.e.G does not have any proper normal subgroup. To reach
contradiction, assumeery; = N,N # 1, for some2 < i < k. But the kernel of,is a normal subgroup @, since
x11s a linear mapping fror@ toC. Hence the required contradiction.

(&) Assumekery; =1 for 2 <i < k.To reach a contradiction suppoHe< G for H # 1. There exists at least
one representation such thét< kery;, i.e. the trivial representation. Then from Coroll&.7 we have H =n
{kery; | H < kery; }and the contradiction follows

3. 0 Dihedral Groups of Degre@™for n > 3.

We shall now determine using Groups, Algorithms &ndgramming GAP) some Dihedral groups of Degrg@
(n=3) (4,8,16,32,64,128,256,512,1024,2048,409681938432768, 65536, 131072, 262144, 524288 and
1048576) and discuss whether they are Simple agliddwhich will guide us to obtain our result.

3.1 Groups, Algorithms and Programming GAP
gap># The DihedralGroup of symmetry, D
gap> Dy: =Di hedral Group(1sGoup, 8); Goup([(1,2,3,4),(2,4)])
Ds={(1),(1,3)(2,4),(1,4,3,2),(1,2,3,4),(2,4),(1,3),(1,4)(2,3),(1,2)(3,4)}
gap> D,: =Di hedral Group(lsGoup, 8); Goup([ (1,2,3,4), (2,4) ])
gap> for i in D, do
> Print(i,"\n");
> od;
(1),(1,3)(2,4),(1,4,3,2),(1,2,3,4),(2,4),(1,3),(2,4)(2,3),(1,2) (3, 4)
gap>C;: =Char act er Tabl e( D) ; Charact er Tabl e(G oup([(1,2,3,4),(2,4) 1))
Gap> Di spl ay(Cy, rec(Power map: =f al se, Central i zers: =fal se)); C
2a 2b 4a 2c
1 1 1 1
-1 -1 1 1
-1 1 -1 1
. 1 -1 -1 1
X. 2 . . -2
gap> | sAbelian(C);false
gap> 1sSinple(C);fal se

XX XX

AWN R
'_\

PR RPRRPRY

gap># The DihedralGroup of symmetry, @

gap> Dg: =Di hedral G oup(1 sGr oup, 16);

Goup([(1,2,3,4,56,7,8),(2,8)(3,7)(4,6)])

gap> for i in Dg do

> Print(i,"\n");

> od;
(1),(1,5)(2,6)(3,7)(4,8),(1,7,5,3)(2,8,6,4),(1,3,5,7)(2,4,6,8),(1,8,7,6,5,4,3
,2),(1,4,7,2,5,8,3,6),(1,6,3,8,5,2,7,4),(1,2,3,4,5,6,7,8),(2,8)(3,7)(4,6), (1,
5)(2,4)(6,8),(1,7)(2,6)(3,5),(1,3)(4,8)(5,7),(1,8)(2,7)(3,6)(4,5),(1,4)(2,3)(
5,8)(6,7),(1,6)(2,5)(3,4)(7,8),(1,2)(3,8)(4,7)(5, 6)

gap>GC,: =Char act er Tabl e(Bs) ; Char act er Tabl e(G oup([(1,2,3,4,5,6,7,8),(2,8)(3,7)(
4,6)1))

gap>Di spl ay( G, rec(Power map: =f al se, Central i zers:=false)); G
la 2a 2b 8a 4a 8b 2c

X1 1 1 1 1 1 1 1
X. 2 1 -1 -1 1 1 1 1
X. 3 1 -1 1 -1 1 -1 1
X 4 1 1 -1 -1 1 -1 1
X. 5 2 . . . -2 . 2
X. 6 2 A . -A -2
X7 2 -A . A -2
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A= -E(8)+E(8)"3 = -ER(2) = -R2

gap> IsSinple(G);fal se

gap> | sAbelian(G); false

gap># The DihedralGroup of symmetry, D¢

gap>Dye: =Di hedr al Group(1 sG oup, 32);

Goup([(1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15, 16), (2, 16) (3, 15) (4, 14) (5, 13) (6, 12
)(7,11)(8,10) 1)

gap>GC;: =Char act er Tabl e( Dyg) ; Charact er Tabl e(G oup([ (1, 2, 3,4,5,6,7,8,9,10,11,12,1
3,14,15,16),(2,16)(3,15)(4,14)(5,13)(6,12)(7,11)(8,10)]))

gap> IsSinple(G); fal se

gap> I sAbelian(G);false

gap># The DihedralGroup of symmetry, B3,

gap>Ds,: =Di hedr al Group(| sG oup, 64) ;

Goup([(21,2,3,4,56,7,8,9,10,11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26,
27, 28, 29, 30, 31, 32),(2,32)(3,31)(4,30)(5,29)(6,28)(7,27)(8, 26) (9, 25) (10, 24)(11
,23)(12,22)(13,21)(14, 20)(15,19)(16,18)])

gap> C;: =Char act er Tabl e(Dsy) ;

CharacterTabl e(Group([(1,2,3,4,5,6,7,8,9, 10,11, 12,13, 14, 15, 16, 17, 18, 19, 20, 21,
22,23, 24, 25, 26, 27, 28, 29, 30, 31, 32),(2,32)(3,31)(4,30)(5,29)(6, 28) (7, 27) (8, 26) (
9, 25) (10, 24) (11, 23)(12,22)(13,21)(14,20)(15,19)(16,18) 1))

gap> IsSinple(GC);fal se

gap> | sAbelian(G);false

gap># The DihedralGroup of symmetry, R4

gap> Dg4: =Di hedr al Group( | sG oup, 128);

<permutation group with 2 generators>

gap> Gs: =Charact er Tabl e( Dss) ; Charact er Tabl e( <permutation group of size 128
with 2 generators> )

gap> IsSinple(G); fal se

gap> I sAbelian(G);false

gap># The DihedralGroup of symmetry, Qo

gap> Di,g: =Di hedr al Group( | sGoup, 256) ;

<permutation group with 2 generators>

gap> G =Character Tabl e( Diyg); Character Tabl e( <pernutation group of size 256
with 2 generators> )

gap> IsSinple(G); fal se

gap> | sAbelian(G);false

gap># The DihedralGroup of symmetry, Dse

gap> D.s: =Di hedr al Group( | sGroup, 512) ;

<pernmutation group with 2 generators>

gap> GC;: =Charact er Tabl e( D;sg) ; Charact er Tabl e( <pernutation group of size 512
with 2 generators> )

gap> |sSinple(C); fal se

gap> | sAbelian(C);false

gap># The DihedralGroup of symmetry, B3;,

gap> Dsi,: =Di hedral Group(l sG oup, 1024);

<permutation group with 2 generators>

gap> GCg: =Char act er Tabl e( Ds12) ; Char act er Tabl e( <pernmutation group of size 1024
with 2 generators> )

gap> IsSinple(G); fal se

gap> | sAbelian(G); false
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gap># The DihedralGroup of symmetry, Qg4

gap> Digz4: =Di hedr al G oup(| sG oup, 2048) ;

<permutation group with 2 generators>

Gap> GCy: =Char act er Tabl e( Dygy4) ; Charact er Tabl e( <pernutati on group of size 2048
with 2 generators> )

gap> IsSinple(G); fal se

gap> | sAbelian(G);false

gap># The DihedralGroup of symmetry, Dosg

gap> Duoss: =Di hedral Group( | sG oup, 4096) ;

<pernmutation group with 2 generators>

Gap> Co: =Char act er Tabl e( Dy4g) ; Char act er Tabl e( <pernutati on group of size 4096
with 2 generators>)

gap> 1sSinpl e(Cyp); fal se

gap> | sAbelian(Cy);fal se

gap># The DihedralGroup of symmetry, Doge

gap> Dyges: =Di hedr al G oup(l sG oup, 8192);
<pernmutation group with 2 generators>
gap> C;;: =Char act er Tabl e( Dsggs) ;

gap> |1sSinpl e(Cyy); fal se

gap> | sAbelian(Cy,);fal se

gap># The DihedralGroup of symmetry, Q19>

gap> Dgig2: =Di hedral G oup(l sG oup, 16384) ;
<permutation group with 2 generators>
gap> C;,: =Char act er Tabl e( Dg192) ;

gap> 1sSinpl e(Cy,); fal se

gap> | sAbelian(Cy);fal se

gap># The DihedralGroup of symmetry, Dgog4

gap> Digsgs: =Di hedr al G oup( 1 sG oup, 32768) ;
<pernmutation group with 2 generators>
gap> C;3: =Char act er Tabl e( Dyg3g4) ;

gap> 1sSinpl e(Cy3); fal se

gap> | sAbelian(Cy);fal se

gap># The DihedralGroup of symmetry, Ry7es

gap> Dsy765: =Di hedr al G oup( | sG oup, 65536) ;
<pernmutation group with 2 generators>
gap> Cy4: =Char act er Tabl e( Ds27es) ;

gap> |1sSinpl e(Cy); fal se

gap> | sAbelian(Cy);fal se

gap># The DihedralGroup of symmetry, Rsso6

gap> Dessse: =Di hedr al G oup(l sGroup, 131072) ;
<pernmutation group with 2 generators>
gap> C;s: =Char act er Tabl e( Dsssz6) ;

gap> |IsSinpl e(Css) ; fal se
gap> | sAbelian(Cy); fal se

gap># The DihedralGroup of symmetry, Qs1972

gap> Di31972: =Di hedral Group(| sG oup, 262144) ;
<permutation group with 2 generators>
gap> C;: =Char act er Tabl e( Dy31072) ;

gap> |1sSinpl e(C) ; fal se

gap> | sAbelian(Cg); fal se
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gap># The DihedralGroup of symmetry, Des144

gap> Dugr144: =Di hedr al G oup( 1 sG oup, 524288) ;
<permutation group with 2 generators>
gap> C;7: =Char act er Tabl e( Dxg2144) ;

gap> 1sSinpl e(Cy); fal se

gap> | sAbelian(C;);fal se

gap># The DihedralGroup of symmetry, R.4288

gap> Dsys0gs: =Di hedr al G oup( 1 sG oup, 1048576) ;
<permutation group with 2 generators>

gap> Cug: =Char act er Tabl e( Dsz4285) ;

gap> 1sSinpl e(Cg); fal se

gap> | sAbelian(Cy); fal se

RESULTS

Based on the results obtained from the GAP in eecB.1, which concern particularly on Commutativitgd
Simplicity of dihedral group of degre®, n a positive integer 3, we now state the following remarks:

Let D,,be dihedral groups of degi®k n a positive integer 3.Then,
i. D,is not Abelian
ii. D,,is not Simple

CONCLUSION

The Groups, Algorithms and Programming (GAP), wesed to study the property of some dihedral groafps
ordeR™for n > 3 via its character tables. It was observed thatguafithis orde2™for n > 3 are non-abelian simple
groups.
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