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ABSTRACT

Transforms with cosine and sine functions as the transform kernels represent an important area of analysis. It is
based on the so-called half-range expansion of a function over a set of cosine or sine basis functions. Because the
cosine and the sine kernels lack the nice properties of an exponential kernel, many of the transform properties are
less elegant and more involved than the corresponding ones for the Fourier transform kernel. In this paper
fractional cosine transform is extended in the distributional generalized sense. Operational transform formulae of
generalized two dimensional fractional cosine transform are discussed.
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INTRODUCTION

In recent years, there has been an enormous pfibih the definition and analysis of fractionalfoactal operator.
Fractional calculus is for example a flourishingldi of active research. The idea of fractional powafethe Fourier
operator appears in the mathematical literatureaasly as 1929[2, 3, and 4]. It has been rediscavarequantum
mechanics [5, 6], optics [7, 8, and 9] and sigmatpssing [10]. The boom in publications startethm early years
of the 1990’s and it is still going on. A recenatst of the art can be found in [11] which contamextensive
bibliography. See also [12]. However, it is notyotthe Fourier transform that has been fractiondliZEhe term
fractal or fractional is now available in almosteegwhere: geometry optics, mechanics, signal psicgs
numerical analysis, calculus.

The fractional Fourier transforms which is genewion of ordinary Fourier transform. The fractibi gives a
more complete representation of the signal in a@lspace and enlarges the number of ordinary Faddition to
the, FT, the Cosine and Sine transform (CT,ST)ctvlaire based on half-range expansion of a functien Cosine
and Sine basis functions , respectively are alsporant tools in signal processing. Despite of sdawk of
elegance of their properties with respect to thetR@ CT and ST have their own areas of application

1.1. Two dimensional generalized fractional Cosingansform
Two dimensional fractional Cosine transform withrgraeter af(x, y) denoted byFf(x,y) perform a linear
operation given by the integral transform.

FEf e, Y v) = [ [ f G y)K, (x,y,u,v) dx dy(1.1)
Where the kernel,
1—icota i(x2+y2+u2+v?)cota

K&(x,y,u,v) = —. € 2 cos(coseca.ux).cos(coseca.vy). (1.2)
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1.2. The test function space E
An infinitely differentiable complex valued functi® on R™ belongs taZ (R™) if for each copactset S, 5, where,
Sap =, y:x,y €R" x| <a, |yl <b,a>0Db>0},] €ER"

Ve, (@) = S:Z|D;;?@(x,y)| < wWhere, p, q =1, 2, 3....

ThusE(R™) will denote the space of @lie E(R™) with support contained ify,

Note that the space E is complete and thereforeeehEt space. Moreover, we say that f is a fraati@psine
transformable, if it is a memberksf, the dual space of E.

2. Distributional two-dimensional fractional Cosinetransform
The two dimensional distributional fractional Casimansform off (x,y) € E*(R™) defined by

FAf oy} = Frwv) = (f(x,¥), Ko (x, y,u,v)) 2.1)

il x2 2 24,2
1—icota i(x?+y?+u?+v?)cota

K&(x,y,u,v) = —. € 2 cos(coseca.ux).cos(coseca.vy) (2.2)

Where , RHS of equation (2.1) has a meaningeasapiplication off € E*toK,(x,y,u,v) € E.

3. Properties of kernel of two-dimensional fractioml Cosine transform
3.1 Linearity property:

F¥{kif1(x,y) + kof 2 (x, )}, v) = ke FE(f1(x,3)) + ko, FE(f2(x, )

Proof: F{kif1(x,y) + kof2(x,¥)}(w,v) = fgoo fow(k1f1(x‘ y) + kafo(x,y)) K& (x,y,u,v)dxdy
F{k i fi(e,y) + ko f2 (6, 13w, v) =
Iy Iy G fi (e, y)) KE (e y,u, v)dxdy +

Iy Jy Ueafo (6, 1)) KE(x,y,u, v)dxdy

F{k i f1(e,y) + ko f2 (6, )}, v) =
ko o fy fioy) KEQy,wv)dxdy +
ke o Jy fo(6¥) K&,y 0, v)dxdy

FA{ky fi (6 9) + ko fo (0, 9) 3w, v) = ki FE(fi (6, ) + ko FA (f2(x, )

3.2 To provek,(x,u,y,v) = k,(y,v, x,u)
Proof: Consider

1 —icota i(x*+y*+u?+v¥)cota

ko(e,u,y,v) = 2—6 2 cos(coseca.ux) cos(coseca.vy)
T
1 —icota i(y?*+v2+x%+u)cota
ke(x,u,y,v) = | ————e 2 cos(coseca.vy) cos(coseca.ux)

2n
koCo,u,y,v) = k,(y,v,x,u)

3.3 To prove k_,(x,u, y,v) = ki,(x,u,y,v)
Proof: Consider

1 —icot(—a) i(x*+y*+u+v?)cot(-a)
e 2

1

k_,(x,u,y,v) = > cos(cosec(—a).ux) cos(cosec(—a).vy)
1 — (—i)cota =-ilx*+y*+u’+v?)cot ()
k_oCo,u,y,v) = Te P cos(—coseca.ux) cos(—coseca.vy)

k_o(x,u,y,v) =k, (x,u,y,v) , where * denotes the conjugation.

3.4 To prove ka((—x), u, (—y),v) =k,(x,—uw,y,—v) =k, (x,u,y,v)
Proof: Consider
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1 —icota i(=x2%+(=y)?+u+v?)cota

ke((=2),u, (—y),v) = —. ¢ 2 cos(coseca.u(—x)) cos(coseca.v(—y))
1 —icota i(x%+y?+u?+v2)cota

ka((—x), u, (=), v) = =7 e 2 cos(—coseca.ux) cos(—coseca.vy)
1 —icota i(x%+y?+u?+v2)cota

ka((—x), u, (=), v) = =7 e 2 cos(coseca.ux) cos(coseca.vy)

ka((—X),u, (_Y)' U) = ka (x! -uy, _U) = ka (x: wy, U)

ix2cota

3.5 To prove k,(x,0,y,v) = e 2z k,(y,v)
Proof: Consider

1 —icota i(x*+y2+0%+v?)cota
ka(x,0,y,v) = “om € 2 cos(coseca. 0x) cos(coseca.vy)

1 —icota i(x%2+y%+v?)cota

ko(x,0,y,v) = Z—e 2 cos(coseca.vy)
T
1 —icota i(x?)cota i(y?+v?)cota
ko(x,0,y,v) = Te z e 2 cos(coseca.vy)
i(x2)cota |1 — icota i(y?+v3)cota
ko(x,0,y,v) =e 2 Te 2 cos(coseca.vy)

ix2cota

ka(x;o;y,v)ze 2 koc(y'v)

iy2cota
3.6 To provek,(x,u,y,0) = e 3 k,(x,y)
Proof: Consider

1 —icota i(x*+y2+u?+0?)cota

ko(x,u,y,0) = —n e 2 cos(coseca.ux) cos(coseca.0y)
T
1 —icota i(x%2+y%+u?)cota
ko(x,u,y,0) = — e 2 cos(coseca.ux)
T
1 —icota i(y?)cota i(x%2+u?)cota
ko(x,u,y,0) = Z—e z e 2 cos(coseca. ux)
T

Zcota

ko(x,u,y,0) = ely 2z ko(x,y).

x 1—icota i(x2+yz)cos3u
3.6 To proveka( =~ ,0,0)— / e zsia
seca ~ seca 2m
X2
2
2
2

x 1-icota i.( +L
Proof:k, ( = ,0,0) = e2\sec
seca Seca T

a Secza)wta cos(coseca.0x) cos(coseca.0y)

. . 2
X 1 —icota L( x Y_)
ka ( , y , 0’0) Y secza+secza cota
seca seca 2n
x y 1 —icota i(x*+y*)cosia
ka ( , , 0,0) — ¢ 2sina
seca seca 2n
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4. Proposition
4.1 Generalized two dimensional fractional cosingansform reduces to Fourier cosine transform.
Proof we know the generalized two dimensional faaet! cosine transform is

1 —icota i(x%+y?+u+v?)cota
F“(f(x y))(u v) = f f fGy) —e 2 cos(coseca.ux) cos(coseca.vy)dxdy

Puttingé = 5

1- lCOt— i(x?+y%+u +v2)cot— T -
Fz(f(x y))(u v) = f f flx,y) —zef cos (Coseci.ux) cos (Coseci. vy) dxdy

x e 1

F? (f(x, y))(u, v) = fo J; f(x, y)\/; cos(ux) cos(vy)dxdy
i 1 (@ [

F2(f (o, y)wv) = \];—nf f f(x,y) cos(ux) cos(vy)dxdy

ch(f(x, )W, v) = E{f(x,y)}(u,v) , whereF{f(x,y)}(w,v) denote Fourier cosine transform fx, y)

5. Scaling property:
If F&(f(x,y))(u, v) is generalized two dimensional fractional cosineansform of f(x, y) then

F&(f(ax,by))(w,v) =

g ; 2 2\ esc2asine .
[1=tcota 1 e%((“z“’z)mte_((%) +(5) )5 F® (e%((bz—l)(ax)zﬂaz—1)(by)2)00t9 f(ax, by)) P, Q)

1-icot6 ab

Proof: consider

— icota i(x*+y%+u?+v?)cota

F"‘(f(ax by))(u V) —f f f(ax, by) —e# cos(coseca.ux) cos(coseca.vy)dxdy

i(x%+y?)cota

F"‘(f(ax by))(u v) = ABf f f(ax,by)e” 2z cos(coseca.ux) cos(coseca.vy)dxdy

i(u2
1—icota i(u?+v)cota
A= e B=e 2

Letax =T ,by =S x=§,y=§,dx=%T ,dy=%
Whenx = 0,7 = 0 when y=0, S=0 whesn = o, T = oo when y=o , S=o

F2(f (ax, by))(w,v) = AB[ f f(T, 5)62(a2+b2>c > cos (coseca.u%) cos (coseca.v%)d—Td—S

ab
cota

T
F#(f (ax, by)) (u,v) = Ef f f(T, S)ez(b T+ 2 cos (coseca.uE) cos (coseca v b) drds
o Jo

Let ZZZO; = cot

FA(f (e, ), v) = %fow fowf(T, S)eEi(bZTZMZSZ)COtB cos (csc@ (Zzzg g) T) cos (csc@ (CSCZ Z) ) dTds
possr pm: s s

FE(f (ax, by)) (w,v) = %fow fow f(T, S)e%(bZTZMZSZ)Cow cos (CSCH (Zzzg g) T) cos (csc@ (Zzzg %) S) dTds

AB (® % i
F#(f (ax, by)) (u,v) = Ef f F(T, $)e2P*T*+a*5%)coté (s(csc PT) cos(cscd QS) dTdS
0 0

E*(f (ax, by)) (u, v)
AB (® (* i —i
= _bf J- F(T,8)e2 (BT +(@$)*+P2+Q)cotd o7 (P*+0%)c0t6 (s (o5cq PT) cos(csch QS) dTdS

if (cscaw cscav\?
Fa(f(ax by))(u U) — ’1 ;Zzz: ’1 icotg 1 —(u +v?)cot6 _((cscﬂ a) (cscﬂb) )COte

f J- f(T, S)ei((bT)z+(“S)2_T2_52)C°t9 eE(P2+Q2+T2+SZ)C°t9cos(csc@ PT) cos(cscB QS) dTdS
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R (f (ax, by)) (u,v) = [0t L gilut)eots 507 cord

1-icotf ab
fow fow %f(T, S)e%((bz_l)T2+(a2_1)52)C°t9 e3(PH+Q7+T2457)cotd cos(csc@ PT) cos(cscO QS) dTdS
F2(f (ax, by)) (u, v) =
/1—icotaie§(u2+u2)cota e;((ijig %)2+(E§EZZ)Z)CW9FC¢1 (ezi((bz—l)T2+(a2—1)Sz)cot9f(T’ S)> (P, Q)

1—icot6 ab
F#(f (ax, by))(u,v) =
[ i —if (cscau\2 | (cscav)? i
1—i50taieé(u2+v2)cot9 e?((cscg E) +(CSC9b) )COtQF‘Ca (ez((bz—1)(ax)2+(a2—1)(by)2)cot9f(ax‘ by)> (P, Q)

1-icotB ab

E*(f (ax, by)) (w,v) =
1—icota 1 L( 2, Z)C t0 :((E)2+(Z)Z>M L( p2—1 ( )2+ 2_q (b )Z)C to
2 u=+v=)co e2\\a b 2 F;:a ez ( (ax)"+(a )by ° f(ax, by) (P, Q)

1-icotB ab

FE(f (ax, by) ) (u, v) =
i u\2 | (\2\cscZa.sin? i
T R R T [

1-icotB ab

CONCLUSION

We have extended two-dimensional fractional Cosinasform in the distributional generalized sensd some
operation transform formulae are proved.
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