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ABSTRACT 
 
The objective of this paper is concerned with the following second-order differential equation of the form ����� =−���	�′�� − ���������	��� + 
��� + ���� = ���, �����, � ∈ �0, ∞�. By applying critical point theory, we establish 
sufficient conditions for the existence of periodic solutions of second order self-Adjoint differential equations with 
variable potentials. 
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INTRODUCTION 
 

The problem of periodic solutions for differential equations has been the subject of many investigations. Researchers 
have used various techniques such as fixed point theory, critical point theory, coincidence degree theory, dynamical 
system theory etc. a series of existing results for periodic solutions have been obtained in the literature. We refer to 
[2, 3, 4, 5, 7, 8, 9, 10, 11, 12, 13], [2] and [13] consider the case with r(t) ≡ 0. When f(t,x) ≡ 0 for (t,x) ϵ R, as in 
(1.1) and (1.2). 
 
In this paper, we consider the second-order differential equation with variable potentials given by ����� = −���	�	��� − ���������	��� + 
��� + ���� = ���, �����.     ���0, ∞�                                                    (1.1) 
 
With periodic boundary conditions. ���� = ��� + ��, �	��� = �	�� + ��, ���0, ∞�                                                                                                        (1.2) 
Where � > 0 is the period and we assume the following; ���� = �, 
, ���R� with P�t�, q�t� > 0 and r�t� ≥ 0 for all t ϵ �0, ∞�;   ��.� = ���� = ��� + ��, 
��� = 
�� + ��, ���� = ��t + ω� for all t ϵ �0, ∞�;  ��0� = �; �0, ∞�. �0, ∞� → �0, ∞� 23 456�267573 82�ℎ ���, :� = ��� + �, :�.  
 
Equation (1.1) equivalent becomes the second order linear self adjoint differential equation. �;��� = ∆[����∆;�� − 1� + 
���7��� = 0                                                                                                            (1.3) 
 
Equation (1.3) may arise from various fields such as electrical circuit analysis, matrix theory, control theory etc. 
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Our aim in this paper is to use critical point theory to establish the existence of nontrivial T. Periodic solutions of 
(1.3) into the existence of critical points of some functions called variational framework of (1.3). We shall prove the 
main results with Legget-Williams fixed point to establish the existence of at least one positive T-Periodic solution 
for (1.1) and (1.2). 
 
Recall some basic notations and known results from critical point theory. Let H be a real Hilbert space, ? ∈@	��, A� which means that K is continuous Frechet-differentiable function defined on H. K is said to satisfy the 
Palais-small condition if and any sequence BCDE@� �5� 8ℎ24ℎ BF�CD�E is bounded and BF	�CD�E → 0 G3 6 → ∞ 
possesses a convergent subsequence in H. the following Lemma’s were taken from [9] and will be useful in the 
proofs of  non trivial T-Period of periodic solutions of (1.1). 
 
LEMMA 1.1 (Mountain Pass Lemma) 
Let H be a real Hilbert Space and assume that ? ∈ @	��, A� satisfies the Palais-smale condition and the following 
condition holds; 
 
(K1), There exist constants ρ > 0 and a > 0 such that K(x) ≥ a, for all x ϵ Bρ. where HI = BC ∈ �: ‖C‖11 < �E.  
(K2) (Ko) ≤ 0 and there exists CM ∉ HI  374ℎ �ℎG� F�CM� ≤ 0.  
Then @ = 26�ℎ� Ґ 37Q3 ∈ [0,1R?�ℎ�3��23 G Q532�2ST 4�2�24GU SGU7T 5� ?, 8ℎT�T Ґ = Bℎ ∈ 4�[0,1R, ��, ℎ�0� =0, ℎ�1� = CVE.    
 
LEMMA 1.2 (Saddle Point Theorem) 
 
Let H be a real Hilbert Space, � = �� ⊕ �., 8ℎT�T �� ≠ B0E and is finite dimentional. Suppose that F ∈ 4	��, A�, 
satisfies the Palais-Smale condition and the following holds. 
 
(K3), there exist constants Y, Z > 0 374ℎ �ℎG� ||HZ6�� ≤ Y; 
(K4), there is T ∈ HZ ∩ �� G6] G 4563�G6� � > Y 374ℎ �ℎG� F|T + �. ≥ �. 
 
Then K possesses a critical value c ≥ ω and @ = 26�̂ ∈Ґ maxa∈bc∩de ?�ℎ�7��. 
 
Where  Ґ = fℎ ∈ @�Hcggg ∩ ��, ��, |ℎ|Hc ∩ �� = 2]h. 
 
2. VARIATIONAL FRAMEWORK FOR EQUATION (1.3) 
Let S be the vector space of all real sequences of the form, ; = B;���E� ∈ A, � ∈ i = �… . , ;���, ;�−��, ;�−� +1�, … … , ;�−1�, ;�0�, ;�1�, … . ;���, … �, 6GkTU�, 
 l = B; = B;���E|;���| ∈ A, � ∈ iE . Define the subset E of S as m = B; = B;���E ∈ l|;�� + n� = ;���, ∀� ∈ iE. 
Clearly, E is isomorphic to RT. E can be equipped with the inner product. 
 〈;, q〉m = ∑ ;���q���tuv�  for any U, V, ∈ m                                                                                                            (2.1) 
 
 by which the norm ||.||∈ can be induced by; 
 

 ||.||E= w〈;, q〉m = �∑ ;.tuv� ����ex,   ; ∈ m                                                                                                             (2.2) 
 
It is clear that E with the inner product (2.1) is a finite dimentional Hilbert Space and is linearly homeomorphic to 
RT. Now define the function I on E as; 
 

y�;� = ∑ z�
. �����∆;�� − 1��. − �

. 
���;. + {��, ;���|tuv� , ; ∈ m,                                                                      (2.3) 

 
Where  {�� > }� = ~ ���, 3�]3.  nℎT6 y ∈ 4	�m, A�,�

V  and for any ; ∈ m, �� 7326� ;�0� = ;�n�, ;�y� = ;�n +1� and (2.3), we can compute the Frechet derivative as; 
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�����
���u� = −∆[����∆;�� − 1�R − 
���;��� + ���, 7����, � ∈ i�y, n�.  
 
Thus, U is a critical point of I on E (i.e. y	�;� = 0� 2� G6] 56U� 2�, ∆[����∆;�� − 1�R + 
���;��� + ���, 7����,∀� ∈  i�y, n�.  Which is precisely normalized equation (1.1) that gives equation (1.3). Therefore, we have reduced 
the existence of the non trivial T. Periodic solution of (1.1) to the existence of a critical point of I on E. in other 
words, the function I is just the variational frame work of (1.3). Where P and Q are written in matrix form as;   
 

� =
�
��

��1� + ��2� −��2�     0                           0                 −��1�−��2� ��2� + ��3� −��3�                    0                    000−��1�
−��3�00

��3� + ��4�00
 0��n − 1� + ��n�−��n�

0−��n���n� + ��1��
��  

� =
�
��

−
�1� 0 0           0               00 −
�2�   0            0             0000
000

−
�3�00
0−
�n − 1�0

00−
�n��
��  

 
3. TO PROVE THE NONTRIVIAL T-PERIOD SOLUTIONS OF EQ UATION (1.1) 
We assume the following; 

(A1) for each t ϵ Z lim|�|→� ��u,��
� = 0.                                                                                                                      (3.1) 

(A2) There exist constants G� > 0, G. > 0   G6] � > i  374ℎ �ℎG�  ~ ���, 3�]3 ≤ −G�|C|� + G.,   ∀C ∈ A.�
V           

                                                                                                                                                                                   (3.2) 

By (A2)  lim|�|→� ��u,��
� = −∞. 

 
LEMMA 3.1:  Suppose that � ∈ @�i × A� satisfies (A2); then I satisfies the Palais-Smale condition. 
 
THEOREM 3.1:  Suuppose that f satisfies (A1) and (A2). In addition, assume that the following holds.   ���� > 0  �5� GUU � ∈ i�y, n�  
 
��� ≤ 0   �5� GUU � ∈ i�y, n� and there exists at least one to∈ Z (I,T) such that q(to) < 0. Then there exist at least 
two non trivial T-Periodic solution for (1.1). 
 
PROOF: 
We will use Lemma (1.1) to prove theorem (3.1). We need to verify that all the assumptions of the mountain pass 
theorem hold. The Palais-Smale condition started without proof in Lemma (3.1) will equally be tool for this 
theorem. Lemma (1.1) assumption can be demonstrated by matrix theory, which can easily be checked as P + Q is 
positive definite and its eigen values are represented by ��, �., … … , �t   82�ℎ 0 < �� ≤ �. ≤ ⋯ … ≤ �t .  By (A1), 

there exist ρ > 0 such that for any |C| < Z G6] � ∈ i�y, n�, {��, C� ≤ �
� ��C.. Thus, for any 7 ∈ m, �|;|� ≤

Z, |;���| ≤ �, �5� GUU � ∈ i�y, n�, G6] y�7� ≥ �
. ��||7||. − �

� ��||7||. = �
� ��||7||..  

 

Taking G = �
� ��Z. > 0, 8T ℎGST  |7|�c ≥ G, and assuming (K1) is verified, clearly, I(0) = 0. 

 

For any given � ∈ m 82�ℎ �|�|� = 1 G6] G 4563�G6� ∝> 0, y�∝ �� = �
. ��� + ����, ��� + ∑ ���, ������ ≤tuv��

. �.�t − G��� ∑ |����|�tuv� + G.n ≤ �
. �.�t − �et�����

.�� + G.n → −∞ G3 ∝→ +∞.  
 
Thus we can easily choose a sufficiently large α such that α>ρ and for ;M = �� ∈ m, y�;M� < 0. Therefore, by 
Lemma (1.1), there exists at least one critical value @ ≥ G > 0. Suppose that ;� is a critical point corresponding to C, 2. T. y�;�� = @  G6]  y	�;�� = }. By a similar argument to the omitted proof of lemma (3.1). 
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y�;� ≤ �
. |� ��|||;||.m − G�n

x¡�
x �|;|�¢

� + G.n, ∀; ∈ m                                                                                       (3.3) 

 
Thus one is bounded from above. We denote by Cmax the supremum of By(;), ; ∈ mE. Since (3.2) implies that 
lim�|a|�→£� y(;) = −∞, -1 and +1 attains its maximum at some point ;�, 2. T. y(;�) = @ ��.  @UTG�U�, ;� ≠ 0, then the 
proof of theorem (3.1) is completed. 
 
REMARKS (3.1) 
The periodic solutions we have obtained in the above proof are non trivial, but they may be non zero constant. If we 
want to obtain non constant periodic solutions, we only need to exclude non zero constant solutions. 
 
COROLLARY (3.1) 
Suppose that f satisfies (A1), (A2), (P) and (q) and �(�, C) = 0 �5� GUU � ∈ i(y, n), if and only if x = 0. Then there 
exist at least two non constant T-Periodic solutions for (1.1). 
 
4.  PROOF OF THE MAIN RESULT – EXISTENCE OF A PERIO DIC SOLUTION 
We begin this section with necessary definitions and state a Lemma without proof and use extension of Leggett-
Williams to establish the existence of solution (1.1) and (1.2). 
 
Lemma (4.1) 
Assume (H1) and (H2). Let h; A → =0, ∞R be continuous and let z, y be the solutions of (1.3). Then �(�) ≥
Z�|�|� �5� � ∈ (0, �), 8ℎT�T �ℎT 4563�G6� Z 23 �2ST6 �� �

¤�¥¦~ �(§)¨§©
ª «¬�£¤�¥ ~ ­(§)­§©

ª ®
 . 

 
DEFINITION (4.1)  
A map � is said to be non negative continuous concave function on a cone P of a real Banach Space, E if �: � →
=0, ∞R is continuous and �(�C + (1 − �)� ≥ ��(C) + (1 − �)�(�) for all x, y ∈ P and t ∈ (0, 1). Similarly, we say 
the map ∝ ia a negative non continuous convex function on a cone P of a real Banach space E if ∝: � → (0, ∞) is 
continuous and ɤ(�C + (1 − �)�) ≤ �ɤ(C) + (1 − �)ɤ(�), �5� GUU C, � ∈ � G6] � ∈ (5, 1). 
 
Let � and ° be non negative continuous function on P and ± and Q be non negative continuous convex functions on 
P. Then, for non negative real numbers a, b, c and d, we define the following sets: 
 
² ≔ ²(�, �, G, ]) = B� ∈ �: G ≤ �(�) G6] �(�) ≤ ]E                                                                                          (4.1) 
H ≔ H(�, ±, �, G, �, ]) = B� ∈ ²: ±(�) ≤ �E                                                                                                           (4.2) 
@ ≔ @(�, °, �, G, 4, ]) = B� ∈ ²: @ ≤ °(�)E                                                                                                           (4.3) 
 
We say that A is a functional wedge with concave functional boundary defined by the concave functional � and a 
convex functional boundary defined by the convex functional �. We say that an operator n: ² → � is invariant with 
respect to the concave functional boundary, 2� G ≤ �(n�)�5� GUU � ∈ ², and that T is invariant with respect to the 
convex functional boundary, 2� �(n�) ≤ ] �5� GUU � ∈ ². Note that A is a convex set. The following theorem is an 
extension of [11]. 
 
THEOREM (4.1) [EXTENSION OF LEGGETT-WILLIAMS] 
Suppose P is a cone in a real Banach space E, � G6] ° are non negative continuous concave functions on P, 
± G6] � are non negative continuous convex function on P, and for non negative real numbers a, b, c and d, the sets 
A, B and C are as defined in (4.1), (4.2) and (4.3) respectively. Furthermore, suppose that A is a bounded set of P, 
that n: ² → � is completely continuous and that the following conditions hold; 
 
(A) B� ∈ ²: @ < °(�) G6] ±(�) < �E ≠ 0  G6]  B� ∈ �: �(�) < G G6]  ] < �(�)E = ∅; 
(B)  �(n�) ≥ G �5� GUU � ∈ H; 
(C)   �(n�) ≥ G �5� GUU � ∈ ² 82�ℎ ±(n�) > �; 
(D)  �(n�) ≤ ] �5� GUU � ∈ @; G6] 
(E)  �(n�) ≤ ] �5� GUU � ∈ ² 82�ℎ °(n�) < 4. 
 
Then T has a fixed point �∗ ∈ ². 
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The following cone structure will have helped to apply this theorem to equations (1.1) and (1.2). Let E denote 
Banach space ∈ �0, ∞� with the supremum norm 
 �|�|� = 37Q|�(�)|, � ∈ |0, �|                                                                                                                                   (4.4) 
 
And for Z given in Lemma (4.1), define the cone P ∁ E via; 
� ≔ f� ∈ m: �(�) ≥ Z�|�|�, �(� + �) = �(�) G6] �	(� + �) = �	(�)  �5� GUU � ∈ (0, ∞)h                                 (4.5)  
 
Then the fixed points of the integral operator n: � → m given by (4.6) 

n�(�) ≔ ~ ·(�, 3)��3, �(3)�]3u£¸
u                                                                                                                           (4.6) 

 
Are solutions of (1.1) and (1.2). Using (4.5), let the non negative continuous concave function °: � → (0, ∞) be 
defined by 
ψ(y) = minu∈(V,¸) �(�),   � ∈ �                                                                                                                               (4.7) 
 
�5� � ∈ �, 0 < °(�) ≤ ||�| by Lemma (4.1). Furthermore, let the linear equations �, �: � → (5, ∞) be defined by  

�(�) = �(�) = �
¸ ~ �(�)]�¸

V                                                                                                                                     (4.8) 

 
And ±: � → (0, ∞)�T ]T�26T] �� ±(�) = �|�|�, making ± a non negative continuous convex function. 
 
We shall use the Leggett-Williams fixed point to prove the existence of at least one positive solution to (1.1) and 
(1.2) in the following theorem. 
 
THEOREM (4.2) 
Assume (H1) – (H3) for any d > 0, suppose the following hold: 
(a) �(�, �) ≥ k�� + �1  �5� � ∈ =Z0], Z]R, �5� GUU � ∈ =0, �R; 
(b) �(�, �) ≤ k�(U]) + �1  �5� � ∈ =Z.], ]/ZR, �5� GUU � ∈ =0, �R, 
 
Where for Z, �∗ G6] �∗ given in Lemma (4.1), we have taken 

k� = �
.¼∗¸ > 0  G6]  �� = cx¨(��e

xc)
¸¼∗ > 0                                                                                                                 (4.9) 

 
Then the operator T has at least one positive solution �∗ ∈ ²(�, �, Z., ], ]), and thus equation (1.1) and (1.2) has at 
least one positive solution. 
 
PROOF:  
For any d > 0 and Z in Lemma (4.1), UT� G = 4 = Z.], � = Z]. By the properties of G(t, s) given in Lemma (4.1), 
we have n: ²(�, �, G, ]) → �.  Arzela-Ascoli theorem shows that T is a completely continuous operator from the 
properties of G and f, and by the definition of �, we have that A is a bounded subset of the cone P. If � ∈
� G6] �(�) > ], �ℎT6 �(�) = �(�) > ] > Z.] = G.  Therefore, B� ∈ �: �(�) < G G6] ] < �(�) = ФE.  We 

define a constant function �5 = �
. (4 + �), �ℎT6 �(�M) = �M = �

. (G + �) ≥ G  G6] �(�M) = �M = �
. (Z.] + Z]) ≤

] 3264T Z ∈ (0,1), Q7��26� �M ∈ ². ¾5�T5ST�, °(�M) = �M > 4, ±(�M) = �M < �, G6] �ℎ73 B� ∈ ²: @ <
°(�) G6] ±(�) < �E ≠ Ф.  
 
CONDITION 1: 
�(n�) ≥ G, �5� GUU � ∈ �. For any � ∈ H, �ℎT�T 23 G �M ∈ (5, �) 374ℎ �ℎG� �(�M) = �(�) ≥ G. It follows that for 
� ∈ H, 
Z] = � ≥ ±(�) = �|�|� ≥ �(�) = �(�M) ≥ °(�) ≥ Z�|�|� ≥ Z�(�) ≥ ZG = Z0],  and therefore °(�) ≥ ZG =
Z0]. Thus, for all � ∈ H 8T ℎGST Z0] ≤ �(�) ≤ Z] �5� GUU � ∈ (5, ∞). Consequently by condition 1, �(n�) =
�
¸ ~ ~ ·(�, 3)�(3, �(3))]3]� ≥u£¸

u
¸

V
¼∗
¸ ~ ~ ��3, �(3)�]3]� = ¼∗

¸ ~ ~ ��3, �(3)�]3]� = �∗ ~ ��3, �(3)�]3 ≥¸
M

¸
V

¸
M

u£¸
u

¸
M �∗ ~ (k��(3) + ��)]3 =¸

M
�∗�(k��(�) + ��) ≥ �∗�(k�G + ��) = G,   7326� G = Z.] G6] (4.9).               
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CONDITION 2: ��n�� ≥ G  �5� GUU  � ∈ ²   82�ℎ  ±�n�� > �.   �T� � ∈ ²  82�ℎ ±�n�� > �.  nℎ73 �TkkG �4.1�, n��l� ≥Z� �5� GUU l ∈ �5, ��, 35 �ℎG� ��n�� = �
¸ ~ n��l�]3 ≥ �

¸ ~ Z�]3 = Z� = G¸
V

¸
V .  

 
COMDITION 3: ��n�� ≤ ], �5� GUU  � ∈ @.  y� � ∈ @, �ℎT6 �5� GUU � ∈ �0, ∞�,   
We have, 

@ ≤ °��� ≤ ���� ≤ À�Á�
c ≤ ��Á�

c ≤ ¨
¤.  

Hence for all � ∈ �0, ∞�, 8T ℎGST Z.] = 4 ≤ ���� ≤ ¨
c, so that by condition 2, we see that, 

��n�� = �
¸ ~ ~ ·��, 3���3, ��3��]3]� ≤ ¼∗

¸
u£¸

u
¸

V ~ ~ ��3, ��3��]3]�u£¸
u

¸
V = ¼∗

¸ ~ ~ ��3, ��3��]3]� =¸
V

¸
V�∗ ~ ��l, ��l��]3 ≤ �∗ ~ �k��Z]� + ���]3 = �∗¸

V
¸

V ��k��Z]� + ��� ≤ �∗��k�] + ��� = �
. ]�1 + 2Z − Z.� ≤ ].  

Since Z ∈ �0,1�, 
 
COMDITION 4: ��n�� ≤ ], �5� GUU  � ∈ ²  82�ℎ °�n�� < @.   �T� � ∈ ²  82�ℎ °�n�� < @. Then using  Lemma (4.1), we have; n��l� ≤ Â

c   �5� GUU l ∈ �0, ��, ℎT64T ��n�� = �
¸ ~ n��l�]3 ≤ �

¸ ~ Â
c ]3 = Â

c = Z] < ].¸
V

¸
V   

 
Therefore, the hypotheses of theorem (4.1) have been satisfied. Thus the operator T has at least one positive 
solution, �∗ ∈ ²��, �, G, ]� = ²��, �, Z.], ]�.  
 
This completes the proof. 
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