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ABSTRACT 
 
Using Rayleigh-Schrödinger perturbation theory, we derive analytic expressions for the ground 
state energy of the antiferromagnetic Axial Next Nearest Neighbour Ising (ANNNI) model in two 
mutually orthogonal external magnetic fields. Expressions for various physical quantities are 
also derived. The calculations are carried out to the fourth order in the transverse field.  
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INTRODUCTION 

 
Hamiltonian spin models incorporating two external mutually orthogonal magnetic fields are 
being increasingly studied these days [1, 2, 3]. An example of such a model is the one 
dimensional spin 1/2  antiferromagnetic Axial Next Nearest Neighbour Interaction (ANNNI) 
model in the presence of a perpendicular external magnetic field xh  and a longitudinal field zh , 

described by the Hamiltonian  
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Here j  is the next nearest neighbour exchange interaction, iS  are the usual spin-1/2  operators 

and the fields xh  and zh  are measured in units where the splitting factor and Bohr magneton are 

unity. 
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The model described by the Hamiltonian H  cannot be solved exactly, as is almost always the 
case with such models. It is therefore often necessary to resort to approximate solution 
techniques, perturbation being a convenient and useful choice. The (sub)Hamiltonian zH , 

describing the ANNNI model in a longitudinal field is diagonal in both the total zS  basis as well 
as in the eigenbases of the orthogonal subspaces of the translation operator [4], T . Thus it is 
convenient to treat x

i
i

xx ShH ∑−=  as a perturbation on Hz for 1<xh . The ground state of zH  is 

antiferromagnetic in the region bounded by 1<2 zhj + , the non-degenerate ferromagnetic state 

in the region bounded by the zh  axis and the line 1= +jhz , the four-fold degenerate antiphase 

states in the region bounded by jhz 2=12 +  and the j  axis, and the three-fold degenerate ↑↑↓  

in the region bounded by the three lines jhz 2=12 + , 1<2 zhj +  and jhz +1= . All this 
information is contained in figure 1.  

 
Figure  1: Ground state energy diagram of the longitudinal ANNNI model, zH  

    
In this paper we will assume, without any loss of generality, that the number of spins N  is a 
multiple of 12. Periodic boundary condition is also assumed, so that )(

1
)(

1 = zxzx
N SS +  and 

)(
2

)(
2 = zxzx

N SS + . 
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In section 2 we will investigate the effect of xh  on the longitudinal ANNNI model in the region 

1<2 zhj + . In section 3 we apply the perturbation treatment to the ferromagnetic ground state. In 
section 4, similar investigations will be made for the antiphase ground states, while the 
perturbation effects on the ↑↑↓  states will be examined in section 5 
 
2  The antiferromagnetic ground state 
We will denote the two-fold degenerate antiferromagnetic states of zH  in the region 1<2 zhj +  

by the total zS  direct product states +AF  and −AF , where  
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The degenerate antiferromagnetic ground state energy is 
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In order to facilitate the calculation of physical quantities like the order parameter and the 
associated susceptibility, we introduce a field 0>α  and write the unperturbed Hamiltonian zH  
(1) as  
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This way, it will then be possible to compute the long range antiferromagnetic order (staggered 
magnetization) AFρ  and the susceptibility AFχ  from 
 

 
0=

)(2
=

αα
αρ

∂
∂− AF

AF

E

N
 (7) 

 and  

 .
)(2

=
0=

2

2

αα
αχ

∂
∂− AF

AF

E

N
 (8) 

 We note that the introduction of α  breaks the translational invariance symmetry and thus 
removes the ground state degeneracy, now giving  
 
 ,)/42(1=(0) α±−−± jNE

AF
 (9) 

 with (0)
+AF

E  being the non-degenerate ground state energy belonging to the state 

 ↑↓↑↓↑↓↑↓+
L=AF  . 
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2.1  Energy corrections 
2.1.1  First order correction 
Since the degeneracy remains at 0=α  we will apply degenerate perturbation theory to obtain 
the corrections to the ground state energy. 
 

The operator x
i

N

ix SH ∑−
1=

= , acting on an eigenstate of total zS  generates a linear combination 

of N  states with the i th spin flipped in the i th member, with each spin flip costing 1±  in the 
total zS  quantum number of the i th member state. This means that a necessary (but not 

sufficient) condition for the matrix element of xH  between any two states a  and b  not to 

vanish is that the absolute value of the total zS  quantum number of a  and that of b  must be 

1. That is   
 
 0=aHb x  (10) 

 ,1)()(whenever ≠− bSaS zz  (11) 

where a  and b  are eigenstates of total zS . In particular  

 0=aHa x  (12) 

 for any a  an eigenstate of zS . 

 To first order in xh , the perturbation matrix, V , of xH  is 

 

 ,=
















−−+−

−+++

AFHAFAFHAF

AFHAFAFHAF

V

xx

xx

 (13) 

 

and since both +AF  and −AF  are total 0=zS  states, it follows from (10) that V  is a null 

matrix, so that there is no first order correction to the antiferromagnetic ground state energy.   
 
2.1.2  Second order correction 
The 22×  perturbation matrix for the second order correction to the ground state energy has 
elements  
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 Each of the summations over m  above extends over the total zS  direct-product basis states m  
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of the Hamiltonian, but excluding the states +AF  and −AF .  

 
By inspection of the definitions (4), it is clear that any state whose xH  matrix element with 

−AF  does not vanish must have a vanishing matrix element with +AF  and vice versa. 

 
That is  

 0whenever0= ≠+− mHAFmHAF xx  

 0whenever0=and ≠−+ mHAFmHAF xx  (15) 

 
for any m  in the Hilbert space of H . 

 
The conditions in (15) imply that the off-diagonal matrix elements 12V  and 21V  are zero. 
 

In 11V , there are only N  non-vanishing matrix elements +AFHm x  contributed by states m  

such that 
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to 11V  while /2N  states (corresponding to 1/2−N  states with 3  consecutive spins up and 1 
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The diagonal element 11V  therefore evaluates to 
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Similarly, we have 
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In the limit 0→α , 11V  and 22V  give the second order corrections to the antiferromagnetic 
ground state energy to be 
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We see that, to second order in perturbation, the degeneracy in the ground state energy is not 
lifted by the application of an external magnetic field xh . This is probably a manifestation of the 

translational invariance which exists for 0=α . Translation invariance is a symmetry of our 
general Hamiltonian, even in the presence of an external transverse magnetic field. One should 
therefore expect the two-fold degeneracy of the antiferromagnetic states to remain to any order in 
perturbation. This is in fact known to be the case in the thermodynamic limit, at least for the 
transverse Ising model ( zhj =0= ) for 0.5<xh   [3]. 

 
As expected, the second order correction to the ground state energy (equation (21)) is negative 
since 0>1 j−  (because 1<2 zhj + ) and ))(1(1=)(1 22

zzz hjhjhj +−−−−−  is clearly a positive 

quantity in the region 1<2 zhj −  for which the perturbation is carried out 

( zzz hjhjjhj ±−⇒+−⇒+ >1>11<2  since 0>, zhj ). 
 
From (5) and (21) we have that the antiferromagnetic ground state energy to second order in xh  

is given by 
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So that the antiferromagnetic ground state energy per spin is  
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From (9) and (19) we have 
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 where for the sake of definiteness we have taken ↑↓↑↓↑↓↑↓+
L=AF  as the definition of 

the antiferromagnetic ground state. Results for −AF  can be obtained from those for +AF  by 

replacing α  with α− . 
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The staggered magnetization is then obtained as  
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We observe that  
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so that 1<+AF

ρ  which is consistent with the requirement that the staggered magnetization attain 

its maximum value of unity in zero external transverse field. 
 
The magnetic susceptibility is obtained from equation (8) as  
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We notice that the bracketed term is always negative, which means that +AF

χ  is always a 

positive quantity. This is consistent with the inequality proved by Ferrell [5, 6] for a Hamiltonian 
with a linear dependence on a parameter λ  for the ground state energy, namely that  
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2.1.3  Third order correction 
The third order correction to the ground state energy contains terms of the form 
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First we note that the second term in the above sum vanishes because of (12). Also, when mk =  
in the above sum, the first sum contains mHm x  which is zero for the same reason. If we now 

consider terms in the first sum such that mk ≠  we have the following situations 
  

 .1=)(0and1=)(0 ±⇒≠±⇒≠ ++ kSAFHkmSmHAF zxzx  (30) 

  
If the above set of equations hold, then we have  

 2or0=)()( kSmS zz −  (31) 
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For the first sum in equation (29) not to vanish, we must have, for every m  and k  :  
 .0≠kHm x  (32) 

 
This is possible only if (11)  

 ,1=)()( kSmS zz −  (33) 

 which contradicts equation (31). 
 
We therefore have that  
 .0=(3)

+AF
E  (34) 

 
In fact, it is clear there can be no odd-order contributions to the energy corrections due to the 
following reason. The lead sum in m th order perturbation has a product of m  matrix elements in 
the numerator for any combination of the summation indices. If m  is odd, then if the first 

1)/2( −m  matrix elements, as well as the last 1)/2( −m  matrix elements are non-vanishing, then 

the remaining matrix element (in the 1)/2( +m  position) has the form sHr x  such that 
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 This matrix element sHr x  will therefore be zero by virtue of (2.1.1). 

The remaining terms in the expression for the m th order correction to the energy will be 
proportional to odd order correction terms and hence will vanish on account of this present 
arguement. 
 
2.1.4  Fourth order correction 
 The fourth order correction to the antiferromagnetic energy is given by 
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If { }Nrar ,1,2,=, K  be the set of states with non-vanishing matrix element with +AF , that is, 
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A Maple procedure was written to evaluate the above sums. The first sum evaluates to 
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Substituting (39) and (40) for the sums in equation (38), and noting that the terms proportional to 

2N  cancel out, we have 
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Substituting 0=α  in (41) and dividing by N , we find the fourth order correction to the 
antiferromagnetic ground state energy per spin to be  
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From equations (9), (19) and  (42), we have  
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 The antiferromagnetic ground state energy per spin, to the fourth order in xh  is therefore given 

by 
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The simplest case of equation (44) is the transverse Ising model, jhz =0= , and the ground state 
energy per spin is 
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1644

1
=

42
xx

AF

hh −−−+ε  (45) 

 
The exact ground state energy per spin of the transverse Ising model is [7, 8, 9] 
 

 














+
+−

)2(1

8

2

)2(1
=0

x

xx

h

hh

N

E
E

π
 

 .)(O
1644

1
= 6

42

x
xx h

hh +−−−  (46) 

Thus we see that the perturbation expansion (45) gives the correct energy per spin for the Ising 
model in a transverse field to the fourth order in xh . 

 
3  The ferromagnetic ground state 
The ground state of the longitudinal ANNNI model (1) is the non-degenerate all-spin up 
ferromagnetic state in the region bounded by the zh  axis and the line jhz +1=  in the jhz −  
plane. That is, the unperturbed ground state is  

 ,= ↑↑↑↑↑↑LF  (47) 

 with corresponding energy  

 .
24

)(1
=(0) z

F

NhjN
E −+

 (48) 

 
 
We note that the ground state is ferromagnetic only for finite zh , this is in contrast to the 
situation in a ferromagnetic model. The inversion symmetry which makes the all-spin up and all-
spin down state to be degenerate is removed by the presence of a finite longitudinal field, zh , so 
that the ground state is the all-spin up nondegenerate state in the indicated region. The 
longitudinal field zh  however does not break the translational invariance symmetry of the 

Hamiltonian. We see also that the presence of zh  makes the Hamiltonian to already be in a form 
where can apply the Feynman technique directly to calculate the various physical quantities. We 
recall 
 
 ,= xz HHH +  (49) 
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where 
 
 z

i
i

z
z
i

z
i

i

z
i

z
i

i
z ShSSSSH ∑∑∑ −+ ++ 21=  (50) 

 and  
 .= x

i
i

xx ShH ∑−  (51) 

 
 
3.1  Energy corrections 
 The first order correction (0)

FE  to the ferromagnetic ground state energy is  

 .=(0) FHFE xF  (52) 

 
This quantity vanishes, on account of equation (12). 
 
3.1.1  Second order correction 
The second order correction to the ground state energy is given by  

 
(0)(0)

(2) =
jF

xx

j
F EE

FHjjHF
E

−∑  

 .=
(0)(0)

2

jF

x

j EE

jHF

−∑  (53) 

 
The only non-vanishing matrix elements in the above sum are those contributed by the N -fold 
degenerate 1−N  spins up, 1 spin down states, m , any linear combination of which is also a 

first excited state of the ferromagnetic ground state. The degenerate unperturbed energy of m  

is  

 ( ) ,1
2

11
4

=(0)
zm h

N
j

N
E 







 −−+






 −  (54) 

 with  

 { }.,,, ↑↑↓↑↑↑↑↓↑↑↑↑↑↓↑↑↑↑∈ LLLLm  (55) 

 We therefore have from equation (48) and (54) that the energy shift is  
 .1=(0)(0)

zmF hjEE −+−  (56) 

 
The second order correction to the ferromagnetic ground state energy is therefore  

 .
)(1

1

4
=

2
(2)

z

x
F hj

Nh
E

−+
 (57) 

 
We remark that perturbation expansions with terms similar to that in equation (57) have been 
obtained in a quantum modelling of the two-dimensional ANNNI model by Barber and Duxbury 
[10], for a ferromagnetic model. The said paper was not concerned with the longitudinal ANNNI 
model and in fact the longitudinal field was introduced merely as an artifice to enable the 
calculation of the ferromagnetic order parameter and the associated susceptibility. 
 
With argument similar to that in the previous section, we find that the third order correction to 
the ferromagnetic ground state energy vanishes. 
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Next we will compute the fourth-order correction to the ferromagnetic ground state energy.  
 
3.1.2  Fourth order correction 
The fourth-order correction to the ground state energy is given by  

 
))()((

=
(0)(0)(0)(0)(0)(0)

(4)

kFjFiF

xxxx

ijk
F EEEEEE

FHkkHjjHiiHF
E

−−−∑  

 .
)( 2(0)(0)

(2)

kF

xx

k
F EE

FHkkHF
E

−
− ∑  (58) 

 
If { }Nrar ,1,2,=, K  (equivalent to the set { }m  of equation (55)) be the set of states with non-

vanishing matrix element with F , that is, such that  

 ,0≠rx aHF  (59) 

 
then the expression for (4)

FE  simplifies to  

 














−−− ∑∑ (0)(0)(0)(0)(0)(0)
(4)

))((
=

jF

sxxr

j
saFraF

xsrx

rs
F EE

aHjjHa

EEEE

FHaaHF
E  

 .
)( 2(0)(0)

2

(2)

raF

rx

r
F EE

aHF
E

−
− ∑  (60) 

 
A Maple procedure computes (4)

FE  as  

 








−+
−+

−+
+

−+−+ zzzz

x
F hj

N

hjhjhj

Nh
E

1

5)/2(

22

2

221

2

)16(1
=

2

4
(4)  

 
3

4

2

4

)32(1

5)(

22

1

)22(1

1

)8(1 z

x

zzz

x

hj

NNh

hjhjhj

Nh

−+
−+









−+
+

−+−+
+  

 .
)16(1 3

42

z

x

hj

hN

−+
−  (61) 

 
We observe that the terms proportional to 2N  cancel out and we are left with  

 .
)22(1

4

)2(2

4

)(1

5

)16(1
=

2

4
(4)










−+
+

−+
+

−+
−

−+ zzzz

x
F hjhjhjhj

Nh
E  (62) 

The expression (62) is always positive. This is easy to see when we recall that the ground state of 
the longitudinal ANNNI model is ferromagnetic for 1> +jhz . Substitution of δ++1= jhz  in 
(62) (δ  a positive quantity) gives  

 ,
)2)(12(

4665

16
=

2

2

4
(4)










++
+++

δδδ
δδδ

δ j

jjNh
E x

F  (63) 

 which is clearly a positive quantity. 
 
Combining equations (48), (57) and (62), we therefore have that to fourth-order in the transverse 
field xh , the ferromagnetic ground state energy of the ANNNI model in mixed field is given by  
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−+
+

−+
+

−+
−

−+ )22(1

4

)2(2

4

)(1

5

)16(1
=

2

4

zzzz

x
F hjhjhjhj

Nh
E  

 .
4

)2(1

)4(1

2
z

z

x hjN

hj

Nh −++
−+

+  (64) 

  
3.2  Physical quantities 
Having obtained the approximate ferromagnetic ground state energy, we are now in a position to 
calculate various quantities of physical interest, the ferromagnetic order parameter, the magnetic 
susceptibility and the specific heat. The form of the Hamiltonian makes it easy to compute these 
quantities using Feynman's theorem [11]  
 
3.2.1  Ferromagnetic order parameter 
Using Feynman's theorem  

 ,=
z

F

z h

E
F

h

H
F

∂
∂

∂
∂

 (65) 

 the ferromagnetic order parameter of the ANNNI model in mixed fields is given by  
 NSz

i
i

F /><2= ∑η  

 zF hEN ∂∂− /2/=  

 zF h∂∂− /2= ε  
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+
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−
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−
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−

zzzz

x

z

x

hjhjhjhj

h

hj

h

221

4

22

4

1

5

)(14

1

)(12

1
1=

3

4

2

2

 

 .
)22(1

8

)2(2

8

)(1

5

)(18

1
2222

4










−+
+

−+
+

−+
−

−+
−

zzzz

x

hjhjhjhj

h
 (66) 

 
The susceptibility is given by  
 22 /= zFF h∂∂ εχ  
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=
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4
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2
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+
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−
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−
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4

)22(1

8
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8

)(1

5
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1

zzzz

x

hjhjhjhj

h
 

 .
)22(1

16
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)(1

5

)(14

1
3332

4










−+
+

−+
+

−+
−

−+
−

zzzz

x

hjhjhjhj

h
 (67) 

  
 
3.2.2  Specific Heat 
The specific heat of the ferromagnetic ground state ANNNI model in mixed fields is given by  

 
2
0

2

d

d1
=

xh

E

N
c −  

 .
221

4

22

4

1

5

)(14

3

1

1

2

1
=

2

2










−+
+

−+
+

−+
−

−+
−

−+
−

zzzz

x

z hjhjhjhj

h

hj
 (68) 
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4  The antiphase ground state 
The ground state of the longitudinal ANNNI model (1) in the region bounded by the line 

jhz 2=12 +  and the j  axis is the four-fold degenerate antiphase states, with two spins up 
followed by two spins down. Classified by translational invariance, the states occur in the 
subspaces 0=k , /4= Nk , /2= Nk  and /43= Nk  of the eigenstates of T  (one linear 
combination in each subspace). In order to simulate the antiphase states correctly, we will 
assume that N  is a multiple of 4 . The degenerate energy is 
 

 ,
4

=(0)
>2<

Nj
E −  (69) 

 belonging to each of the 4  states  

 ,=>2< ↑↑↓↓↑↑↓↓L
a

 

 ,=>2< ↑↓↓↑↑↓↓↑L
b

 

 ,=>2< ↓↓↑↑↓↓↑↑L
c

 

 .=>2<and ↓↑↑↓↓↑↑↓L
d

 (70) 

 
In order to facilitate the calculation of the order parameter and the susceptibility, we introduce in 
the unperturbed Hamiltonian (1), a field, 0>β , and write the unperturbed Hamiltonian as  

 z
i

N

i
z

z
i

z
i

N

i

z
i

z
i

N

i
z ShSSSSH ∑∑∑ −+ ++

1=
2

1=
1

1=

=  

 ( ).4142434

/4

1=

z
k

z
k

z
k

z
k

N

k

SSSS −−+− −−−∑β  (71) 

 
This way, the antiphase order parameter, >2<ρ , and the associated susceptibility, >2<χ  can be 
calculated from  

 
0=

>2<2
=

ββ
ρ

∂
∂− E

N
 

 .
2

=and
0=

2
>2<

2

ββ
χ

∂
∂− E

N
 (72) 

 
We note that the field β  breaks the translational invariance symmetry of the Hamiltonian H . A 

finite β  also lifts the degeneracy of the antiphase states, although not completely. 
b

>2<  and 

d
>2<  are not sensitive to the field β , and so they remain degenerate, with the energy 

remaining the same as in (69), while 
a

>2<  and 
c

>2<  now have energies given by   

 .
4

)2(
=and

4

)2(
= (0)

>2<
(0)

>2<

ββ −−+− jN
E

jN
E

ca
 (73) 

  
We see that 

a
>2<  is the non-degenerate ground state of the unperturbed Hamiltonian (1) in 

the region between the j  axis and the line jhz 2=12 + , for a finite β .  
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4.1  Energy corrections 
4.1.1  First order correction 
 In zero field β , the ground state of Hamiltonian (71) is four-fold degenerate, so that the 44×  
perturbation matrix V , has elements  

 .>2<>2<= jxiij HV  (74) 

 where the states s>2<  are given in (70). All sixteen elements of V  vanish on account of (12), 

so that as in the previous cases, the first order correction to the ground state energy of the 
antiphase states is zero.  
 
4.1.2  Second order correction 
The perturbation matrix for the second order correction to the antiphase ground state energy has 
elements  

 .
>2<>2<

=
(0)(0)

>2< m

jxxi

m
ij EE

HmmH
V

−∑  (75) 

 
It is clear that it is impossible to have a state m  in the N2  dimensional Hilbert space of the 

Hamiltonian of N  spins simultaneously having nonzero matrix element with two different 
members of the four-fold degenerate >2<  states. In other words, the matrix V  is diagonal, 

with  

 ,
>2<

=
(0)(0)

>2<

2

mi

xi

m
ii EE

mH
V

−∑  (76) 

 
which are just the Rayleigh-Schrödinger expressions for second-order corrections to the energy 
in non-degenerate perturbation theory. 
 
Putting dcbai ,,,=  in turns in (76), we have 
 

 ,
11

8
=

2
(2)

>2< 








+−
+

++
−

ββ zz

x

a hjhj

Nh
E  (77) 

 
 

 (0)
>2<

2
(2)

>2< =
1111

16
=

d
zzzz

x

b
E

hjhjhjhj

Nh
E 









−+
+

+−
+

−−
+

++
−

ββββ
 (78) 

 and  

 .
11

8
=

2
(2)

>2< 








−−
+

−+
−

ββ zz

x

c hjhj

Nh
E  (79) 

 
Equations (77), (78) and (79) contain an interesting summary of the properties of the general 
Hamiltonian H  of the ANNNI model in mixed fields. We note that although the introduction of 
the field β  breaks the translational invariance symmetry of the Hamiltonian, it does leave the 
reflection symmetry intact. In fact every eigenstate of the reflection operator R  is also an 

eigenstate of the operator  ( )z
4

z
14

z
24

z
34

/4

1=

S kkkk

N

i

SSS −−+ −−−∑β   with eigenvalue 0 . That is, for any 
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ψ  an eigenstate of total zS , we have  

 ( ) ,0=S z
4

z
14

z
24

z
34

/4

1=

ψβ 






 −−+ −−−∑ kkkk

N

i

SSS  (80) 

 
whenever  
 .= ψψ ±R  (81) 

 
In other words, eigenstates of R  do not sense the presence of the field β . 
 
Each of the two states (and hence their linear combination)   

 ↓↑↑↓↓↑↑↓↑↓↓↑↑↓↓↑ LL =>2<and=>2<
db

 (82) 

  is an eigenstate of R . This explains their degeneracy at zeroth-order perturbation and why the 
second order energy corrections in these states are the same. Since 0=],[ RH , it is expected that 
their degeneracy will not be lifted, to any order in perturbation. It is also noteworthy that 

b
>2<  and 

d
>2<  are related by the inversion symmetry, which however is not a symmetry 

of H  for finite zh .  
As for 
  

 ↓↓↑↑↓↓↑↑↑↑↓↓↑↑↓↓ LL =>2<and=>2<
ca

 (83) 

the translational invariance which connects the two states is removed by the field β  and they 
cease to be degenerate. We observe also that the two states are related by the inversion 
symmetry, but this is not a symmetry of the Hamiltonian, except at 0=zh  (corresponding to the 
ANNNI model in a transverse field). Results for one state can be obtained from the other by 
replacing β  in one with β−  in the other. 
 
Putting 0=β  in (77), (78) and (79) we see that the degeneracy in the antiphase states remain to 

second order in perturbation in xh . 

 
4.1.3  Fourth order correction 
For simplictity we will drop the subscript a  on a>2<  henceforth and simply refer to the 

antiphase ground state by >2< . The fourth-order correction to the ground state energy of the 

antiphase ground state is given by 
 

 
))()((

>2<>2<
=

(0)(0)
>2<

(0)(0)
>2<

(0)(0)
>2<

(4)
>2<

kji

xxx

ijk EEEEEE

HjjHiiH
E

−−−∑  

 .
)(

>2<>2<
2(0)(0)

>2<

(2)
>2<

k

xx

k EE

HkkH
E

−
− ∑  (84) 

 
If { } Nrar ,1,2,=, L  denotes the set of states with non-vanishing matrix elements with >2< , 

then the above expression simplifies to 
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A Maple procedure evaluates the above sum to  
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If we denote the terms proportional to 2N  in the above equation by 2N

s , then  
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 We therefore have that the fourth order correction to the antiphase ground state is given by 
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The antiphase ground state energy per spin, to fourth order in the transverse field xh  is therefore 

given by (equations (73), (77) and (88)) 
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That is 
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In particular the ground state energy per spin of the antiphase state for the ANNNI model in a 
transverse field ( 0=zh ), to the fourth order in xh  is 
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tANNNI>2<ε  is always negative since 0.5>j . The ground state energy per spin for the transverse 

ANNNI model is plotted as a function of xh  in figure 2 for three different values of j . 

 
Figure  2: Transverse field antiphase ANNNI ground state energy per spin as a function of xh , to the fourth 

order, for selected values of j . 

   
4.2  Physical quantities of the antiphase ground state 
4.2.1  Order parameter 
The antiphase long range order parameter is obtained from  
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The antiphase order parameter for the transverse ANNNI model is given by  
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tANNNI>2<ρ  is plotted in figure 3 as a function of xh  for three different values of j . We observe 

that both the second order and the fourth order contributions to the order parameter are negative, 
so that the antiphase order parameter drops in value. The vanishing of the order parameter is well 
depicted in figure 3. The application of an external transverse magnetic field xh  is therefore 

expected to destroy the >2<  antiphase spin ordering which exists at 0.5>j  for 0=xh . This 

expectation turns out to be correct as finite size scaling shows that the model undergoes a 
transition to paramagnetic phase. 
 

 
Figure  3: Transverse field antiphase ANNNI order parameter as a function of xh , to the fourth order, for 

selected values of j . 
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4.2.2  Susceptibility 
The magnetic susceptiblity of the antiphase ground state under the influence of a weak transverse 
external magnetic field is 
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A particular case of equation (94) is the ANNNI model in a transverse field ( 0=zh ), for which 
the magnetic susceptiblity is  
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 Again we note that 
tANNNI>2<χ  is a positive quantity for 0.5>j . The transverse ANNNI model 

susceptiblity, to fourth order in xh  is plotted in figure 4. 

 

  
Figure  4: Transverse antiphase ANNNI magnetic susceptiblity as a function of xh , to the fourth 

order, for selected values of j . 
   
4.2.3  Specific heat 
The specific heat of the ANNNI model in the presence of a longitudinal field zh  and a weak 

transverse field xh , to second order in xh  is given by 
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In particular, we have for the ANNNI model in a transverse field, (corresponding to 0=zh  here)  
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We observe that equation (97) always gives a positive value for the specific heat of the model. 
We also remark that contrary to the appearance of equation (97), there are no singularities. The 
condition jhz 2<12 +  reduces to 0.5>j  for the unperturbed Hamiltonian (ANNNI model), so 
that there must be next nearest neighbour interactions and hence j  cannot be zero. At 0.5=j , 
the ground state of the ANNNI model is highly degenerate [10], so that formula (97) is then not 
valid. The specific heat as a function of xh  is plotted in figure 5 for three different values of j . 

 

  
Figure  5: Transverse antiphase ANNNI specific heat as a function of xh , to the fourth order, for selected 

values of j . 

   
5  The ↑↑↓  ground state 
The ground state of the longitudinal ANNNI model described by the Hamiltonian (1) in the 
region bounded by the lines 1=zh , zhj 2=12 +  and zhj =12 +  is the three-fold degenerate two 

spins up followed by one spin down state, eigenstates of total zS  with eigenvalue /6= NSz . 
Classified by translational invariance, these states occur in the 0=k , /3= Nk  and /32= Nk  
subspaces of the space of eigenstates of the translation operator T . Here we assume that N  is a 
multiple of 3 . 
Explicitly, the degenerate states are 
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 having translational invariance quantum number 0=k , i.e. the zero momentum state (eigenstate 
of T  of eigenvalue 1=(0)exp ).  
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 the /32π  -momentum state with /3= Nk  (eigenstate of T  of eigenvalue /3)i(2exp π ). 
and  
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 the /34π  -momentum state with /32= Nk  (eigenstate of T  of eigenvalue /3)i(4exp π ). 
 
The degenerate energy is  
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 (101) 

As in the previous section, it is useful to include a symmetry breaking, order parameter term to 
the Hamiltonian (1) by including a field 0>γ  and write the unperturbed Hamiltonian as follows:  
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 γ  breaks the translational invariance symmetry of zH , so that the states ↑↑↓↑↑↓L , 

↑↓↑↑↓↑L  and ↓↑↑↓↑↑L  are no longer degenerate and can therefore no longer be 

classified as eigenstates of T . The state ↑↑↓↑↑↓L  (which we shall henceforth denote by 

↑↑↓ , with a similar notation for the remaining two states) is now the non-degenerate ground 

state of zH . 
 
The long range order parameter ↑↑↓ρ  and the magnetic susceptibility ↑↑↓χ  can now be calculated 

by computing  
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 where 0)=(γ↑↑↓E  is the ground state energy of xz HHH +=  and 0)=(γε↑↑↓  the ground state 

energy per spin. To zeroth order then,  
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5.1  Energy corrections 
5.1.1  First order correction to the ground state energy 
Since the three states ↑↑↓ , ↑↓↑  and ↓↑↑  are degenerate for 0=γ , we can consider γ  to 

be small and attempt to apply degenerate perturbation theory to determine the first order 
corrections to the energies. The 33×  perturbation matrix (1)V  is given by 
 
 



Kunle Adegokeet                                                                        Arch. Phy. Res., 2010, 1 (4):1-31 
______________________________________________________________________________ 

26 

Scholar Research Library 

=(1)











↓↑↑↓↑↑↑↓↑↓↑↑↑↑↓↓↑↑
↓↓↑↑↓↑↑↓↑↑↓↑↑↑↓↑↓↑
↓↑↑↑↑↓↑↓↑↑↑↓↑↑↓↑↑↓

xxx

xxx

xxx

HHH

HHH

HHH

V

 (107) 

 But the three states ↑↑↓ , ↑↓↑  and ↓↑↑  are all eigenstates of total zS  with the same 

eigenvalue of /6= NSz  for a chain of N  spins, it follows from equation (12) that (1)V  is a null 
matrix, so that there are no first order contributions to the energies. 
 
5.1.2  Second order correction to the ground state energy 
Treating γ  as a small parameter and the states { }↓↑↑↑↓↑↑↑↓ ,,  as nearly degenerate, the 

33×  second order perturbation matrix (2)V  has elements of the form  
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 where  
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and k  runs over the N2  basis states of the Hilbert space excluding i  and j . Clearly, for 

ji ≠ , any state k  whose xH  matrix element with i  must have a vanishing matrix element 

with j . Therefore the matrix (2)V  is diagonal, with the diagonal elements giving the second 

order corrections to the ground state energies. That is  
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We note that there are only N  non-vanishing contributions in each of the above sums, so that the 
evaluation of each sum is almost trivial. We have 
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and 
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We see here that the degeneracy in the states ↑↓↑  and ↓↑↑  is not lifted to second order in 

xh .  

 
5.1.3  Fourth order correction 
The fourth order correction to the energy of the ↑↑↓  state is given by  

 
))()((

=
(0)(0)(0)(0)(0)(0)

(4)

kji

xxxx

ijk EEEEEE

HkkHjjHiiH
E

−−−

↑↑↓↑↑↓

↑↑↓↑↑↓↑↑↓
↑↑↓ ∑  

 .
)( 2(0)(0)

(2)

k

xx

k EE

HkkH
E

−

↑↑↓↑↑↓
−

↑↑↓
↑↑↓∑  (114) 

 
If we let { }Nrar ,1,2,=, L  be the set of states such that  
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Maple procedures evaluate the above sums as 1s  and 2s , respectively, where  

 
γγγγγ 22

3/32

2

1

21

1

221

1

)(

1

3

2
=

16
24

1

−−
−+





−−
+

−−
+

−−−−− zzzx h

N

jhh

N

h

s
 

 
)2222()1(

1)/3/3(

22

1

21

2/3
2 γγγγ −+−−−+−−

−+




−−−
+

−−−
−+

zzz hjhj

NN

hjj

N
 

 








−+−−
−+

−−−
−+

−−
+

−−−+−−
+

γγγγγ 2222

1/3

21

4/32

2

2

21

2

)1(

1

3 2
zz hj

N

j

N

jhj

N
 

 








−−−
+

−−
−+

−−−−−
+

γγγγ 22

/32

22

3)/3/3(22

221

/32

)(

1
2

zzzz hj

N

h

NN

h

N

h
 

 








−−
+

−−−
−+

−−−+−−−−
+

γγγγγ 2

/34

21

2)/3/3(4

21

/34

)1)((

1

j

N

j

NNN

hjh zz

 (118) 

 and  
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Upon adding equations (118) and (119) and noting the cancellation of the terms proportional to 

2N , we obtain  
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so that the fourth order correction to the ground state energy per spin of the ↑↑↓  state is given 
by  
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Combining equations (105), (112) and (120), we have  
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The ground state energy of the longitudinal ANNNI model in the region bounded by the lines 

1=2 zhj + , 1=zh  and jhz 2=12 + , to fourth order in xh  is therefore given by  
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As noted earlier, the ↑↑↓  state as an eigenstate of the unperturbed Hamiltonian zh  has the 

unique property that it can be ground state only for finite zh  and finite j  (in fact 0.5>j ). If 

0=j , the ground state is ferromagnetic for 1>zh  and antiferromagnetic otherwise. If 0=zh  the 
ground state is the four-fold degenerate antiphase configuration for 0.5>j  and the two-fold 
degenerate configuration if 0.5<j . One implication of this remark is that there are no special 
cases of equation (123). 
 
Typical behaviour of ,0),,( zx hhj↑↑↓ε  as a function of xh  is plotted in figures 6a and 6b. 

Comparing the two curves, it appears that ,0),,( zx hhj↑↑↓ε  is more sensitive to changes in j  than 

in zh . 

 
 (a) ,0),,( zx hhj↑↑↓ε  as a function of xh  for 0.5=zh  

 
(b) ,0),,( zx hhj↑↑↓ε  as a function of xh  for 0.5=j  

 
Figure  6: ,0),,( zx hhj↑↑↓ε  as a function of xh  
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5.2  Physical quantities 
5.2.1  Long range order parameter 
From equations (103), (104) and (122) we obtain the long range order parameter ↑↑↓ρ  of the 

↑↑↓  state to fourth order in the perturbation xh  as  
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A typical behaviour of the long range order parameter is depicted in figure 7. To fourth order in 
perturbation, we see that the ↑↑↓  order of the ANNNI model in mixed fields vanish. That the 
model indeed does not possess long range order in the thermodynamic limit was confirmed by 
finite size scaling results which showed that the model indeed undergoes a phase transition from 
the ↑↑↓  state to a paramagnetic phase.  

 
Figure  7: ↑↑↓ρ  as a function of xh  to fourth order in xh  

   
CONCLUSION 

 
Using Rayleigh-Schrödinger perturbation theory, we have derived analytic expressions for the 
ground state energy of the ANNNI model in two perpendicular fields, as a function of the nearest 
neighbour exchange interaction j and the two fields xh  and yh . The transverse field xh  was taken 

as the perturbation parameter, and the calculation was done to the fourth order in hx. The 
motivation was the fact that many important physical quantities, such as magnetization, of a 
statistical system, can be determined once the ground state energy is known. 
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