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ABSTRACT

In this paper, we applied some group concepts to construct some p-groups as well as to display
their nature, which represent them by character tables. It was observed that if g and
g~ belongs to different conjugacy class say C; and C; then the entries in the character table for
C; are complex conjugate of the corresponding entries for C;. Also, if g and g~ belongs to the
same conjugacy class C; then the entries in the character table for C; are real valued. We also
applied the Groups, Algorithms and Programming (GAP) version 4.4.12 to assist towards
validations of result.

INTRODUCTION

Representation theory is concerned with the waysriting a group as a group of matrices. Not
only is the theory beautiful in its own right, batso provides one of the keys to a proper
understanding of finite groups. For example, ibften vital to have a concrete description of a
particular group; this is achieved by finding aresgntation of the group as a group of matrices.

2. Preliminaries
To begin, with there is the need for some preliminfact and brief discussion of notations.
Some of them can be verified quite readily.

2.1 Definition
Let A G; and G, be groups. A group homomorphism is a functipnG; - G, such that for

all a,b € Gy, p(ab) = ¢p(a).¢(b) andf(a™") = (f(a)) ™"

An invertible group homomorphism is called grougnrphism.

2.2 Definition

A representation of a groupwith representation spadeis a homomorphism
p:g — p(g) of G intoGL(V).

From the homomorphism property we havedoh € G:
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vp(gh) = vp(g)p(h),
vp(1) =vly,

2.3 Déefinition
Two representations, ¢: G —» GL(n, F) are said to be equivalent if there exist By n matrix P
overF such that

P~ Y(g)P = @(g) for all geG

2.4 Theorem

Let p(g) be a matrix representation @ Then the charactey(g) of p has the following

properties

(i) Equivalent representations have the same character.

(i)  If g andh are conjugate i, therny(g) = x(h).

Proof: (i) If ¢(g) andp(g) are equivalent representations, the by a well knoesult,p(g) and

p(g) have the same characteristic matrix. Thus the otispecoefficient oft™ 1 are equal ie
b11(g) + ba2(g) + .. +bun(g) = a11(g) + az2(g) + -+ . + ann(9)

Hence equivalent representations have the samaatbar

(i) Suppose thag andh are conjugate elements \ian G, Thenh = t~1gt.

Thus in any matrix representatipg) we have

p(h) = p(ttgt) = p(tYHp(g)p(t), sincep is a representation.

Identifying p(t) with T in @(g) = T 1p(g)T we find that p(h) and p(g) are equivalent

representation. Hence by (i)

trp(h) = trp(g) ie x(g) = x(h).

2.5 Definition

Let p: G — GL(n, F) be a representatiaf a group G over a field F. The functionG — F
defined byy(g) = tr(p(g)) is called character gf.

The character satisfies the following properties:

L xp(e) =deg(p).

2. xp(xgx™) i”(‘g) Vx,g €G.

3. x@™H)=x,(9)

2.6 Particular type of characters:

(i) Trivial character: The character correspondinghi® trivial representation of G is called
trivial character of G. This character has value/ér all elements of Gy(g) =1, V g € G).

(i) Linear Character: A character of degree 1 is cadlelihear character. The first step in
constructing character table of G, which carriemplete description of the structure of the
group G, is often writing down all the linear cheteas.

(iii) Permutation character: A permutation charactgris the character afforded by a
permutation representatianG — S,,.

2.7 Lemma
SupposéF = C and lety be character of G. Then(g™!) = x(g9) V g € G, wherey(g) denote
the complex conjugate of(g).

2.8 Definition
Let y andy be characters of G. Then inner product is defireed a

) = G Tgee x(@P(g™)
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Since summing over alj € G is the same as summing over glt! € G,we have(y,y) =
(¥, x). Also by Lemma 2.7

X0 =161" Lgec x(@x(g™) =161 Xygec x(9)x(9)
= IGl_l deGIX(g)IZ >0
) =161 Xgee x(@Y(g™) = |G Xgec (9™ DY(9)

= (Y, x) = (xP).
Hence(y, y) € R.

2.9 Theorem
Let y andy be characters of two non-isomorphic irreducibleespntations of G. Then we have

N =0,
(i) =1

2.10 Corollary

If x1, ... ... ..., xi are all the irreducible characters®andy = ¥, n;y; and
¢ =X my

are any two characters 6f then

X, ¢) = {'(=1 n;m;.

211 Lemma
Let y be character of G. Thenis irreducible if and only ify, ) = 1. This is a criterion for the
irreducibility of a character.

Proof:
(=) This was proved in theorem 2.9
(&) If xq.........x. are all irreducible characters of G, we can expasss

x =YK nx; n; =0.Assume that(y, x) = 1, the by corollary 2.11

(tx) =YK n?=1.Sincen; €Z and n; > 0we have that for ond, n; = 1and for all
j# 1, nj=0,and soy = x; andy is irreducible.

For the next two lemmas we recall the charagjeof the regular representation of G. HOE

Candg € G:
_f{lal, ifg=1
xr (9) = { 0, otherwise
2.12 Corollary
Letry, 1y, .. . ... ..., T De the irreducible representations of G. Then
1G] = X nf

Wheren; is the dimension of the representatign

2.13 Corollary
Let y; be the character of the trivial representation. &he simple iff
kery;=1 for 2<i<k.

2.14 Lemma
If xis a character of, thenkery ={g € G | x(g9) = x(1) }.

2.15 Theorem
A groupG is abelian if and only if every irreducible chaeagy; of G is linear.
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2.16 Theorem
Let x; .........., xx be all irreducible characters 6fand letg,  .........., gk
be the representatives of the conjugacy clagges... ...., C; of G.

Then we have
0] The row orthogonality relation
ko XiGdx@a) _ o i _
a=1 CG(ga) _511 Vl,] - 1,k,
(i) The column orthogonality relation

Y1 X9 X;(Ga) = 8a5lCe(9a)| YV, B =1,.......,k,
. (1, ifi=]j
Where we again defing; = {0’ ifi+]
2.17 Theorem

The number of irreducible characters of a gréug equal to the number of conjugacy classes of
G.

218 Lemma
If 1 ......... xx, are all the irreducible characters of G, then

?:1)(1’2(1) = |G]|.
Proof: |G| = xz (1) = [Tk, x; (x| (1) = TE, x,2(D).

RESULTS

[llustration 3.1

Consider the p-groug,

G1 ={(1), (1 3),(2 4),(12)(34),(13)(24), (1 4)(2,3)1234),(1432) }
Now, |G,| =8 = 2, which is a p-group.

The conjugacy classes 6§ are:

G = (1), G; =(12), (34), G5 = (12)(34), (14)(23)

C, =(13)(24), Cs = (1234), (1432).

It will be observed from the conjugacy classespfabove, for any
g € G g andg~! belong to the same conjugacy class.

According to By theorem 2.17, , there are fivedureible representations for the groGp By

corollary 2.12, we find a set of five positive igéss, [;,1,,15,1, and 5 which satisfy the
equationl;* + I,* + 1,* + 1, + 15> = 8. The only values of; (i = 1, ...5) which satisfy this
requirement are 1, 1, 1, 1 and 2. Thus, the giupas four

1-dimensional irreducible representations and edarznsional irreducible

representation. Set to be the trivial characteg;(1) = 1V g € G,. That is by

Lemma 2.18, in any group, there will be 1-dimenalaepresentations whose character are all
equal to 1, since

YrO(R)?2 = (D12 + ()12 + (D12 + ()12 + ()12 = 8.

The other representations will have to be such that

2RO (R)? =8

which can be true if and only if eagh(R) = +1. By Theorem 2.16, each of the other three
representations has to be orthogonal to the fistiucible representatiop;.
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Thus, there will have to be two +1’s and two -I'be fifth representation will be of dimension
2, henceys(C;) = 2.In order to find out the values afs(C,), xs(C3), xs(C,) andys(Cs), the
orthogonality relationships in Theorem 2.17 will dpsed:

Partial character table 6%:

Rep g Gy G, Cs Cy Cs
|Cg| 1 2 2 1 2
X1 1 1 1 1 1
X 1 1 -1 1 -1
X3 1 -1 1 1 -1
X4 1 1 -1 -1 1
Xs a b c d e
Orthogonality ofys with the other knowry;’s we obtained the following set of equations.
Xssx1)=2+2a+2b+c+2d =0 (3.1)
X x1)=2+2a+2b+c—2d =0 (3.2)
Xs;x1)=2+2a+2b+c—2d =0 (3.3)
X x1)=2+2a-2b+c+2d =0 (3.4)
Adding (3.1) and (3.2), (3.3) and (3.4) we got
2+2a+c=0 (3.5
2-2a+c=0 (3.6)

Solving (3.5) and (3.6) we have= 0,c = —1
Substituting the values af andc into equations (3.1) and (3.2) and solving it,veee
b=d=0

Complete character table 6§:

Rep g Cy C, Cs C, Cs

|Cg| 1 2 2 1 2
X1 1 1 1 1 1
X2 1 1 -1 1 -1
X3 1 -1 1 1 -1
Xa 1 1 -1 -1 1
Xs 2 0 0 -2 0

The characters af, are all irreducible since by theorem 2.12, that is

X x1) = (X2 x2) = (X3, x3) = X Xa) = (Xs,x5) = 1
Also by 2.193% , ¥Z (1) = |G| and by 2.9y, x1) = 0

With theorem 2.15, we see th@f is not abelian, since one of its irreducible repngstion,
xs has degre@ + 1. Also by Lemma 2.14, we have

kery; =C;UC,UC3UC,UCs = |Gs|,kery, =C;UC,UC,, kerys =C;UC3UC,,

kery, = C; U C, U Cs andkerys = C;.

Thus the kernel of, is a cyclic group of order 4. By corollary 2.%&ry, # 1, and,G; is not
simple. From the character table@fabove, the entries of characterggbn table are real.
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[lustration 3.2

Consider the group:
G,={(1),(1,5)(2,6)(3,7)(4,8),(1,7,5,3)(2,8,6,4),(5%)(2,4,6,8),(1,8,7,6,5,4,3,2),(1,4,7,2,5,8,3,6),
(1,6,3,8,5,2,7,4),(1,2,3,4,5,6,7,8),(2,8)(3,7)(46p)(2,4)(6,8),(1,7)(2,6)(3,5),(1,3)(4,8)(5,7)&1
)(2,7)(3,6)(4,5),(1,4)(2,3)(5.,8)(6,7),(1,6)(2,54H7.8), (1,2)(3,8)(4,7)(5,6)}

Now, |G,| = 16 = 2, which is a p-group.

G, has seven conjugacy classes, namely

C; =1 C, ={1357) (2468), (1753) (2864)F; = {12345678), (18765432)}

C, ={14725836), (16385274)K = (15) (26) (37) (48)
Cs={12)(38)(47)(56),(14)(23)(58)(67),(16)(25)(34)(7@)8)(27)(36)(45)}

C; ={(13) (48)(57), (15)(24)(68),(17)(26)(35),(28)(#46)}

We noticed above;,, C; and C, are conjugate to their inverses.

By theorem 2.17G, has seven irreducible representations.

|G,] =12 + 12 + 12 + 12 + 22 + 22 + 22 = 16 by corollary 2.12.

Sety; to be the trivial characteg,(1) =1V g € G,.

Sety, to be a sign charactep,(g) = 1if g is even permutation, and(g) = —1if g is odd.
We will use theorem 2.16 to obtained all the linglaaracters ofr,. ys has dimension 2, it must
be orthogonal tar; x,, x3 and x, . Therefore one of the characters must be -2.

The partial character table 6§ is:

Rep g Cy C, Cs C, Cs Ce C,
|Cg| 1 2 2 2 1 4 4
X1 1 1 1 1 1 1 1
X2 1 -1 1 -1 1 1 -1
X3 1 1 1 1 1 -1 1
Xa 1 -1 1 -1 1 -1 1
Xs 2 0 0 0 -2 0 0
Xe 2 a, b, €1 dy €1 fi
X7 2 az b, C2 d; €2 f

Now by orthogonality relation theorem 2.16, we afed the entries of the rows 6 and 7 as
follows:

Using the orthogonality of the first and seconduomhs we got
1.1+ 1.(-1) + 1.1 + 1.)-1) + 2.02a,+2a, = 0

L LCY (3.13)
1.1+(-1).(-1)+1.1+(-1).(-1)+0.04.a, = —= 8
R (3.14)

Solving (3.13) and (3.14) we have
a =—V2andb = V2
Similarly, the orthogonality of first and fifth amnns

di+d, =0 (3.15)
d?+d>=8 (3.16)
Solving (3.15) and (3.16) we have
d,=-2,d,=2

Orthogonality of first and sixth columns
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e;+e; =0 (3.17)
el +er=0 (3.18)
Solving (3.17) and (3.18) we havg=e, = 0
The orthogonality of the first and seventh columns
fitfa=0 (3.19)
fit+fi=0 (3.20)
Solving (3.19) and (3.20) we havg,= f; =0
Using the orthogonality of first and third columns
2%, +b, =0 (3.21)
b? + b5 = 4 (3.22)
Solving (3.21) and (3.22) we habg= 0, b,= -2
The orthogonality of first and fourth columns
ci+c; =0 (3.23)
cZ+ci=4 (3.24)
Solving (3.23) and (3.24) we have=V2,c, = —V2

This complete the character table @f

Rep g Cy C, Cs C, Cs Ce C,
IC,| 1 2 2 2 1 4 4
P 1 1 1 1 1 1 1
12 1 -1 1 -1 1 1 -1
¥ 1 1 1 1 1 -1 1
Ya 1 -1 1 -1 1 -1 1
¥s 2 0 0 0 -2 0 0
X6 2 /2 0 V2 -2 0 0
X7 2 V2 2 2 2 0 0

Using theorem 2.15, we see tl@tis not abelian, since three of its irreducible esgntation,
X5, Xeand y,has degree2 # 1. Also by Lemma 2.14, we havéery, =C, UC; U Cs U

C¢- Thus the kernel of, is a cyclic group of order 8. Thuery, # 1, and by corollary 2.13,
G, is not simple. We observed from character tabl& pthat the entries of the characters of
C,,Cs; and C, are real.

[llustration 3.3

Consider the group:

G5={(1),(1,5)(2,6)(3,7)(4,8),(1,3)(2,4),(1,4,3,2) 213,4),(1,7,3,5)(2,8,4,6),(1,8,4,7,3,6,2,5),
(1,6,2,7,3,8,4,5),(5,7)(6,8),(1,3)(2,4)(5,7)(6,814(3,2)(5,7)(6,8,)(1,2,3,4)(5,7)(6,8),(1,5,3,76(2,
4,8),(1,7)(2,8)(3,5)(4,6),(1,8,2,5,3,6,4,7),(1,6,8,8,2,7),(5,8,7,6),(1,3)(2,4)(5,8,7,),(1,4,3,8(5
7,6),(1,2,3,4)(5,8,7,6),(1,5,4,8,3,7,2,6),(1,7,284,6),(1,8,3,6)(2,5,4,7),(1,6)(2,7)(3,8)(4,56(5
,7,8),(1,3)(2,4)(5,6,7,8),(1,4,3,2)(5,6,7,8),(1,2)8%,6,7,8),(1,5,2,6,3,7,4,8),(1,7,4,6,3,5,2,8),
(1,8)(2,5)(3,6)(4,7),(1,6,3,8)(2,7,4,5)}.

|G5| = 32 = 2, which is a p-group.

The groupG; has fourteen conjugacy classes and is represepted b

G, =), (;={(1,23,4),(56,7,8) }C; = { ((1,3)(2,4),(5,7)(6,8) },
c,={(1,4,3,2),(5,8,7,6) }Cs ={ (1,2,3, 4)(5,6,7,8) }

Ce ={(1,2,3, 4)(5,7)(6, 8), (1, 3),(2,4)(5,6,7,8%, ={(1,2,3,4)(5,8,7,6), (1,4,3,2)(5,6,7,8)}

Cs ={(1,3)(2,4)(5,7)(6,8)}Co={( 1,3)(2,4)(5,8,7,6), (1,4,3,2)(5,7)(6,8)}
C10={(1,4,3,2)(5,8,7,6)}

C11 =(1,5)(2,6)(3,7)(4,8),(1,6)(2,7)(3.,8)(4.5),(1,7)(XB5)(4.6), (1,8)(2,5)(3.6)(4.7)}
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¢, ={(1,5,2,6,3,7,4,8),(1,6,2,7,3,8,4,5),(1,7,2,8,3,6)41,8,2,5,3,6,4,7)}
Ci3 = {(1,5,3,7)(2,6,4,8), (1,6,3,8)(2,7,4,5),(1,7,358.,4,6), (1,8,3,6)(2,5,4,7)}
Ci4 =1{(1,5,4,8,3,7,2,6), (1,6,4,5,3,8,2,7), (1,7,4,6,3,8), (1,8,4,7,3,6,2,5)}

The conjugacy classes daf;, above show that that there is an elemgntfor which
g and g~ belong to the different conjugacy classes.
(Cz,C4),(Cs,C1), (Cs, Co) and (Cyz, C14)-
Correspondingly by theorem 2.5Z have fourteen irreducible representations. Fronrekaion
in corollary 2.12,

|Gsl= 124+12+12+12+ 124+ 124+ 124+ 124+ 224+ 224+ 22 4 22 4 22 + 22 = 32

Therefore,G; must have exactly eight in equivalent one-dimerai@nd six two-dimensional
irreducible representations.

Sincey, (1), gives the dimension of the representation, mayefbee fill out the first column in
the character table. Following the same procedsre allustration 3.1 and theorem 2.16, we
obtained the complete character tabl&péas:

Character table af;:
Repg ¢ G C3 Cy Cs Co C; Cg Gy Cig C1 Cip Ci3 Ciy

|G| 1 2 2 2 1 2 2 1 21 4 4 4 4
xn 1 1 1 1 1 1 1 1 11 1 1 1 1
x. 1 -1 1 -1 1 -1 1 1 -1 1 -1 11 1
xs 1 -1 1 -1 1 -1 1 1 -1 1 1 -11 -1
xa 1 1 1 1 1 1 1 1 1 1 -1 --1 -1
Xs 1 4 -1 i -1 i 1 1 - -1 -1 i1 i
Xe 1 i -1 < -1 - 1 1 ¢ -1 -1 - 1 i
x; 1 < -1 i -1 i 1 1 - -1 1 -i 1 i
xs 1 i -1 < -1 -l 1 1 i -1 1 i -1 -
Xo 2 0 2 0 -2 0o -2 2 0 -2 0 00 0
X0 2 0o -2 0 2 0o -2 2 2 0 0 00 0
X1 2 - 0 -1- - 1+ 0 -2 14 2 0 0O O 0

1+ i 2
X1z 2 -1- 0 - 2 1« O -2 -1- -2i 0 0O O 0
[ 1+ i
X135 2 1<+ O 1+ -2i -14 0 -2 2i 0 0O O 0
1+
X1a 2 1+ 0 14 -2i - 0 -2 -1- -2i 0 0O O 0
1+ i

Using theorem 2.15, we see th@tis not abelian, since six of its irreducible regréation,
X9, -, X14 has degree€ # 1. Also by Lemma 2.14, we havkeery, =C;UC;UCsUC, U
Cg U Cyp U Cy, U Cy4. Thus the kernel of, is a cyclic group of order 16. Thitery, # 1, and
by corollary 2.13,G5 is not simple. The entries in the character tabteC}, Cs, Cs and C,, are
complex conjugates of the corresponding entrig$,of; o, Co and C 4.

[llustration 3.4

Consider the group:
G,={(1),(1,2),(1,5)(2,6)(3,7)(4,8),(1,6,2,5)(3,7)(3,65,6).(1,2)(5,6),(1,5,2,6)(3,7)(4,8),(1,6)(2,5)(
3,7)(4,8),(3,4),(1,2)(3,4),(1,5)(2,6)(3,8,4,7),(2,6)(3,8,4,7),(3,4)(5,6),(1,2)(3,4)(5,6),(1,5,2%)
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8,4,7),(1,6)(2,5)(3,8,4,7),(7,8),(1,2)(7,8),(LB)(3,7.4,8),(1,6,2,5)(3,7,4,8),(5,6)(7,8),(1,26(5
)(7,8),(1,5,2,6)(3,7,4,8),(1,6)(2,5)(3,7,4,8),(3748).(1,2)(3,4)(7.8),(1,5)(2,6)(3.8)(4,7),(1.6 4.5
3,8)(4,7),(3,4)(5,6)(7,8),(1,2)(3,4)(5,6)(7,8),(B.5)(3,8)(4,7),(1,6)(2,5)(3,8)(4,7)}

Now, |G,| = 32 = 2, which is a p-group.

The groupG, has fourteen conjugacy classes and is represewnted b

G =), ¢;={(7.8),384)} C;={(56),(12)}, C, ={(5,6)(7,8),(1,2)(3,4) }

Cs ={ (3,4)(7,8)} Cs ={(3,4)(5,6).(1,2)(7,8)} C; ={(3.,4)(5,6)(7.8),(1,2)(3,4)(7,8)}

Cs ={ (1,2)(5,6)} Co={(1,2)(5,6)(7,8),(1,2)(3,4)(5,6)}C10={(1,2)(3,4)(5,6)(7.8)}

€11 ={(1,5)(2,6)(3,7)(4,8),(1,5)(2,6)(3,8)(4.,7),(1,6)83(3,7)(4.8),(1,6)(2,5)(3,8)(4,7)}
C:» ={(1,5)(2,6)(3,7,4,8),(1,5)(2,6)(3,8,4,7),(1,6)(25)7,4,8),(1,6)(2,5)(3,8,4,7}

C:3 ={(1,5,2,6)(3,7)(4,8),(1,5,2,6)(3,8)(4,7),(1,6,25))(4,8),(1,6,2,5)(3,8)(4,7}

Ci, ={(1,5,2,6)3,7,4,8),(1,5,2,6)(3,8,4,7),(1,6,2,513,8),(1,6,2,5)(3,8,4,7)}

We observed that there is an elemgifior whichg and g~! belong to the same
conjugacy classes. i.e. (h; and C,4. Correspondingly by theorem 2.7 have
fourteen irreducible representations. From thati@h in corollary 2.12,

|Gyl = 12+ 12+ 12 +12+224+22+22+224+22+22=32

Therefore,G, must have exactly four in equivalent one-dimendiamal seven two-dimensional
irreducible representations.

Sincey, (1), gives the dimension of the representation, mayetbee fill out the first column in
the character table. Following the same procedsraallustration 3.1 and theorem 2.16, we
obtained the complete character tabl&pés

Character Table af,
Repg G C C3 C Cs Co C; Cg Co Cig G Gy Ciz Gy

Gs| 1 2 2 1 2 1 2 1 4 4 4 4
2 2

n 1 1 1 1 1 1 1 1 11 1 1
1 1

v, 1 -1 -1 1 1 1 -1 1 11 1 -4
1 1

v 1 -1 -1 1 1 1 -1 1 1 -1 -1 1
1 1

o 1 -1 -1 1 - 1 1 -1 1 -11 -1 1
1 1

s 1 - 1 -1 1 - 1 1 -1 1 1 -1 1 -1
1 1

e 1 1 -1 1 - -1 1 1 1 -1 -1 1 1
1 1

¥, 1 1 -1 1 - -1 1 1 1 1 1 -1 -1
1 1

ve 1 1 1 1 11 1 1 -1 -1 -1 -1
1 1

Yo 2 2 0 -2 2 2 02 00 0 O
0 0

Yo 2 2 0 =2 2 2 0 -2 00 0 0
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0 0

i 2 0o 2 2 22 00 0 0
2 0 0 0

Y 2 - 0o 2 2 2 2 00 0 0
2 0 0 0

Yz 2 2 2 -2 2 0 2 00 0 0
0 0 0

Y 2 2 2 2 2 0 2 00 0 O
0 0 0

Using theorem 2.15, we see th@atis not abelian, since six of its irreducible regr@ation,
X9, -, X14 has degree # 1. Also by Lemma 2.14, we havkeery, = C; UC, U Cs U C4 U

Cg U Cio VU Cy, U Cy3. Thus the kernel of, is a cyclic group of order 16. Therefokery, #

1,and by corollary 2.13G< is not simple. From the table above, we that adl émtries of
character table foC;; andC;, are real.

Remarks

In this paper, the following were observed:

a. If gandg~* belongs to different conjugacy class sgynd C; then the entries in the
character table faf; are complex conjugate of the corresponding entoies;.

b. If gandg~!belongs to the same conjugacy cl&sshen the entries in the character
table forC; are real valued.

C. If there is elemeny for which g~! does not belongs to any conjugacy class, the eritrie
the character table are real valued.

d. Groups of ordeR™ for 3 < n < 6 are non abelian and not simple while group of ader
n < 2 are abelian.

4.2 THUS, validation our results

4.2.1 Validating our results in 3.1

gap> G1l:=Dihedralgroup(Isgroup,8);Group([ (1,2,3(2)4) ])

Gap> Order(G1);8
Gap>C1l:=conjugacyclasses(G1);[(1)"g,(2,4)"g,(1,2)(3,(1,2,3,4)"g, (1,3)(2,4)"g ]
Gap> size(C1);5
Gap>CT1:=Charactertable(G1);Charactertable(Grou[8,4),(2,4)]))

Gap> Isabelian(CT1);false

Gap> Issimple(CT1);false

Gap> Display(CT1,rec(powermap:=false,centralizdedse));CT1

la2a2b4a?2c
X1 11111
X2 1-1-111
X3 1-11-11
X4 11-1-11
X5 2 -2

4.2.2 Our results in 3.2, validated as:
Gap>G2:=dihedralgroup(Isgroup,16);group([(1,2,38,,538),(2,8)(3,7)(4,6)])
Gap> Order(G2);16
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Gap>
C2:=conjugacyclasses(G2);[(1)"g,(2,8)(3,7)(4,6)1¢)(3,8)(4,7)(5,6)"g,(1,2,3,4,5,6,7,8)"g,(1,3
,5,7)(2,4,6,8)"g,(1,4,7,2,5,8,3,6)"g,(1,5)(2,6)]84/8)"q]

Gap> size(C2);7
Gap>CT2:=charactertable(G3);charactertable(grouj¥}8,4,5,6,7,8), (2,8)(3,7)(4,6)]))
Gap> Isabelian(CT2);false

Gap> Issimple(CT2);false

Gap> Display(CT2,rec(powermap:=false,centralizdedse));CT2

la 2a 2b 8a 4a 8b 2¢c

X1l 1
X2 1
X3 1
X4 1
X5 2
X6 2
X7 2

A = -E(8)+E(8)"3
= -ER(2) = -R2

4.2.3 Thus, validating our results in 3.3

Gap> a:=Group((1,2,3,4));group([ (1,2,3,4) )

Gap> b:=Group((5,6));group([ (5,6) ])
Gap>G3:=Wreathproduct(a,b);Group([(1,2,3,4),(58,71,5)(2,6)(3,7)(4,8) ])

Gap> Order(G3);32

Gap>C3.=conjugacyclasses(G3);[(1)"g,(5,6,7,8)"d)(6,8)"\q,
(5,8,7,6)"g,(1,2,3,4)(5,6,7,8)"g,(1,2,3,4)(5,7)§6¢8(1,2,3,4)(5,8,7,6)"9,(1,3)(2,4)(5,7)(6,8)"g,(1
,3)(2,4)(5,8,7,6)"g,(1,4,3,2)(5,8,7,6)"g,(1,5)(23%7)(4,8)"q,(1,5,2,6,3,7,4,8)"9,(1,5,3,7)(2,6,4,8
)"g,(1,5,4,8,3,7,2,6)*g |

Gap> size(C3);14
Gap>CT3:=Charactertable(G4);Charactertable(Grol][8,4),(5,6,7,8),(1,5)(2,6)(3,7)(4,8)]))
Gap> Isabelian(CT3);false

Gap> Issimple(CT3);false

Gap> Display(CT3,rec(powermap:=false,centralizéedse));CT3

la 4a2a 4b 4c 4d 4e 2b 4f 4g 2c 8a 4h 8b

X1 11111111 111111
X2 1-11-11-111-11-11%11
X3 1-11-11-111-111-111
X4 11111111 11-1-111
X5 1 A1-A-1-A11 A-1-1-AA
X6 1-A-1 A-1 A11-A-1-1A-A
X7 1 A-1-A-1-A11 A-11A-A
X8 1-A-1 A-1 A11-A-11-A-A
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X9 2.2 .2 .22 .2...
X100 2 .2 .2 .22 .2...
X11 2 B./BC-B.-2-B-C. ...
X12 2/B. B-C-B.-2-/BC. ...
X13 2-B.-B-C B.2/BC ...
X14 2 -B.-/BC /B .2 B-C. ...
A=-E(4)

= -ER(-1) = -I

B =-1-E(4)

= -1-ER(-1) = -1-I

C = 2*E(4)

= 2*ER(-1) = 2|

4.2.4 validating our results in 3.4

Gap> a:=Group((1,2),(3,4));Group([ (1,2), (3,4) 1)

Gap> b:=group((5,6));group([ (5.6) ])
Gap>G4:.=Wreathproduct(a,b);Group([(1,2),(3,4),(/68),(1,5)(2,6)(3,7)(4,8)])

Gap> Order(G4);32
Gap>C4:=Conjugacyclasses(G4);[(1)"g,(7,8)"g,(5,88'6)(7,8)"g,(3,4)(7,8)"9,(3,4)(5,6)"q,(3,
4)(5,6)(7,8)"9,(1,2)(5,6)"9,(1,2)(5,6)(7,8)"9,(X2)(5,6)(7,8)"9,(1,5)(2,6)(3,7)(4,8)"9,(1,5)(2,
6)(3,7,4,8)"g,(1,5,2,6)(3,7)(4,8)"g,(1,5,2,6)(3,8)24q |

Gap> Size(C4);14
Gap>CT5:=Charactertable(G4);Charactertable(Grou]{((3,4),(5,6),(7,8),(1,5)(2,6)(3,7)(4,8)]
)

Gap> Isabelian(CT4);false

Gap> Issimple(CT4);false

Gap> Display(C4,rec(powermap:=false,centralizeedss)); CT4

la 2a 2b 2c 2d 2e 2f 2g 2h 2i 2j 4a 4b 4c

X1 11111111111111
X2 1-1-1111-11-11-111-1
X3 1-1-1111-11-111-1-11
X4 1-11-11-111-11-11-11
X5 1-11-11-111-111-11-1
X6 11-1-11-1-1111-1-111
X7 11-1-11-1-111111-1-1
X8 1111111111-1-1-1-1
X9 2.2.-2.-22.-2....
X110 2 .-2.-2.22 .-2

X1 2-2..2..-22-2

X12 2 2-22 .-2.2

X133 2..2-2-2.-2.2

X114 22 ..2..-2-2-2
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