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ABSTRACT

The mass spectrum of the D wave mesons has been investigated and compared in the frame work of non-relativistic
(NRQM) and relativistic (RHM) quark models. The NRQM Hamiltonian used in the investigation has kinetic energy,
confinement potential, one-gluon-exchange potential (OGEP) and instanton induced quark-antiquark interaction
(1) whereas RHM Hamiltonian includes the Lorentz scalar plus a vector harmonic-oscillator potential, the
confined-one-gluon-exchange potential (COGEP) and Il1. The calculated D wave meson masses are in agreement
with the experimental D wave meson masses. The respective role of 111, OGEP and COGEP in the D wave meson
spectrumis discussed and compared between two models.

Keywords. Quark Model; Confined One-Gluon-Exchange Potenliestanton Induced Interaction; D Wave Meson
Spectra.

INTRODUCTION

The hadron spectroscopy has received tremendouztamgze both experiementally and theoreticall sthege is a
wast experimental data in hadron spectroscopywloatild constitute a good testing ground for nontyréative
Quantum Chromodynamics (QCD). Within the standacdl@h hadron is a composite system of quarks amaingl
Since QCD is not exactly solvable in the non-pértive regime, one has to resort to models whicbrjporate the
basic features of the QCD. As a consequence, aderatanding of hadrons continues to rely on insigiitained
from the experiments and QCD motivated models dhitaxh to lattice QCD results. The phenomenologimaldels
developed to explain observed properties of hadapasither non-relativistic quark models (NRQM}hnsuitably
chosen potential or relativistic quark models (RQWP] where the interaction is treated perturkeltiv There are
successful NRQM and RQM to explain the meson spe@ine NRQM usually contain three main ingredietits:
kinetic energy, confinement potential and a hyperfinteraction term which has often been takennasfective
one-gluon-exchange potential (OGEP) [10]. On theiohand, the relativistic models have a confindrpetential
which is usually taken to be Lorentz scalar plustee potential. There are models both non-reldiivisnd
relativistic employed to explain meson spectra VMBEP. Other type of interactions have been iniced in the
literature from the non-relativistic reduction diet t'Hooft interaction [11-14], termed as instantomduced
interaction (Ill) which has been successfully apglin several studies of the hadron spectra [63]2Tlhe main
achievement of the Il in hadron spectroscopy is tasolution of the JJ (1) problem, which leads to a good

description of the masses gfand /7' mesons. In literature there are models which heee to explain hadron

spectroscopy only with OGEP [1-4] and some modalg with Il [6], ignoring completely the OGEP. ihay be
an exaggeration to eliminate OGEP completely fghtliquarks. The OGEP has to be present but withnaller
strength consistent with the asymptotic freedongesihe 11l vanishes for heavy quarks.

In the present work an attempt has been made #rothte masses of D wave mesons in the frame woRK§QM
and RQM. The basic aim is to obtain the D wave mesath minimum number of parameters and to ingasé the
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relativistic effects on the mass spectrum. Theterie of a gluon self-coupling in QCD states supgjes, in
addition to the conventionaf]( states, there may be noj( mesons including gluons ang g hybrids and

multiquark states [15]. Since the theoretical gn@maon the properties of unusual states is ofteriradictory,
models that agree in thgq sector differ in their predictions about new statesour work we have investigated the

meson nonets which have the(@ quark model assignments, according to the mosintexeview of Particle
Physics [15].

Hence, to study the D wave light meson spectra awee tdeveloped two models: the non-relativistic (Mg

relativistic (M2) models. The non-relativistic maddas kinetic energy, confinement potential, OGER Hl. In the

relativistic model (M2), we have made use of thecegsful relativistic harmonic model (RHM) [16-2@] which

the confinement potential is a Lorentz scalar plestor potential. Both scalar and vector poterdia harmonic
oscillator potentials. In M2, the effect of cordiment of gluons also has been taken into acconrthd existing
models though the effect of confinement of quarks been taken into account the effect of confineéraégluons
has not been taken into account. In M2, a congistereme has been employed for the confinemeniuohg. For
the confinement of gluons, we have made use ofuhent confinement model (CCM) [19-20]. The coafirgluon
propagators (CGP) derived in CCM has been usetitairothe confined one gluon exchange potential GE®). In
M2, the total Hamiltonian has Lorentz scalar plaster potential along with COGEP (instead of OGERIL). The
M1 and M2 models along with Il have been succddsefobtaining the mass spectra of S and P wave hgesons
[21-24]. The full discussion of the HamiltonianMfL and M2 are given in section 2. The resultshef ¢alculation
are presented in section 3 and the conclusiongiaee in section 4.

2. The constituent quark ModelsM 1 and M2
2.1 Non-relativistic quark model (M 1)
In NRQM the full Hamiltonian is,

H=K+Vyeep (Fij )+ Veone (Fij )+V, (Fij) (1)
where

i( PZ J

K=Y>|M +——|-Kg, @)
i=1 I 2M|

here M, and P are the mass and momentum of theuark. TheK is the sum of the kinetic energies including
the rest mass minus the kinetic energy of the eesftmass motion (CM) of the total system. Theeptél energy

part consists of confinement te¥fipone, the residual interaction\/ggee and the instanton induced
interactior\/ , .

The confinement term represents the non-perturbatffect of QCD that confines quarks within theocwlsinglet
system, and is taken to be linear.

Veone (Fij) =-al (Xi .)\,j ) ()

where @, is the confinement strength and; here and elsewhere in the paper stands for théveeldistance

between the two quarks. Theg and )»j are the generators of the color SU(3) group ferittﬁ and jth quark.
The following central part of two-body potentialedto OGEP is usually employed [10],

cnt /> a, 1 V4 2 -
VOGEtP(ru) = Tki}\.j —-—M M (1+§Gi cjjé'(rij) (4)
ij iVl

where the first term represents the residual Coblemergy and the second term the chromo-magneécaition
leading to the hyperfine splitting. Th® is the Pauli spin operator am, the quark-gluon coupling constant.

The non-central part of OGEP has the spin-orbdiria[tttionVOSGOEP (Fij) and the tensor terMOTEEP (Fij) . The spin-
orbit interaction of OGEP is,
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VOSGOEP(F”) :_%)“i A |:8|\/|LM%(|’” XPIJ)[QG to, ) )

where the relative angular momentum is defined sisaluin terms of relative positiortijand the relative

momentum|3ij . There are several versions of the tensor tarhterature. We have used the expression derived i
[10] from the QCD lagrangian in the non-relativisimit and used subsequently by many authors [25]

a. 1
ngp(rll)_ ZS)“i vy {4M M :lsj (6)

where,
§ =B(gir)oir)-oio;].
The tensor potential is a scalar which is obtaibgaontracting two second rank tensors. Héres ﬁ —-T is the

J

unit vector in the direction off . In the presence of the tensor interactiEnis no longer a good quantum number.
The central part of Ill potential is given by [2-13],

=890(r;) s 9, o, for 1 =1,
=89'0(r;) 959, o, for 1 =1/2,
VIII: (7)
g 9 Vo 5(,) 30,0 fOr 1 =0
J2g' 0

The symbols S, L and | are respectively the spi@ relative angular momentum and the iso-spin ®ftfstem. The
g and g’ are the coupling constants of the interaction. Dhrac delta-function appearing has been reguldraed
replaced by a Gaussian- like function:

1 e
3 amexp{ F} (8)

where A\ is the size parameter.
The non-central part of Ill has contributions frdrath spin- orbit and tensor terms. The spin-orbittdbution
comes from relativistic corrections to the cenpratential of lll. It is given by [13],

VIﬁO(F”) = Vis (Fii )E (5 + Via (Fii )E A )

The first term in Eqgn. (9) is the traditional syntnie spin-orbit term proportional to the operafo@. The other

. . N : LT ~_l—= = . :
term is the anti-symmetric spin-orbit term propomtl to L LA where A =§(01 —Jz) . The radial functions of
Eqgn. (9) [12],
- 1. 1)&  exp(-f/n?) & exp-f /e, )
VLS(rij) :(—2 +—2JZ '2/ 3k Z —r/ k32 (20)
MZ MEJET (V) (MM JET ()
and

- 5, exp(-F/nz,)

i =5
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The term VLS(F) is responsible for the splitting of thel, states withJ =L -1, L, L+1. With such a

termL is still good quantum numbers buisshot. The terrrVLA(F) couples stategsLJ:,_ and 3LJ:L. Due to the

mass dependence in Egn. (11), it is clear thatt#nis is inoperative when the quarks are identi¢alpractice the
antisymmetric spin orbit term is important onlytime K-sector. The; andn; are free parameters in the theory
[12,23,24]. The Mcorresponds to the mass of the strange quarki¢sMacorresponds to mass of (u/d) quark. This
term accounts for the splitting betweetD4and £D, states in the K sector.

The tensor interaction of 11l is [13],

iK exp(-¢/nz,)

Vi (ri) =
" =N

S
12
VM (12)

With the tensor interaction, L is no longer a gapntum number since this term couples the stsai‘.nggL+1 and

- . It Is to be noted that an ave the Sa8ma aepenaence except F term. e
(L+2),_.,,.ltistob d that Il and OGEP have the sapia depend o, Th

equations (9)-(12) have been used by a numbertbbeuand are obtained from the non-relativistauation of the
‘t Hooft interaction[11-14].

2.2 The relativistic harmonic model (M2)
In RHM [16-20], quarks in a hadron are confinedthgh the action of a Lorentz scalar plus a vecéomonic-
oscillator potential

V. (1) =%(1+ Vo) Ar?+M (13)

where )/, is the Dirac matrix:

yO = (g-) _Olj ' (14)

M is the quark mass amf is the confinement strength. They have a diffesaitie for each quark flavour. In
RHM, the confined single quark wave functigi)(is given by:

@
Y=N| ¢P 15)
E+M

with the normalization

N :(2(E+ M)jl/z

16
3E+M (1)

where E is an eigenvalue of the single particle®iquation with the interaction potential giver{i8). The lower
component is eliminated by performing the similatiansformation,

Uy=¢ 17

Where U is given by,
1 oP
1 E+M (18)

N1 7P2 [P
+ _
(E+M)2 E+M
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Here, U is a momentum and state (E) dependentfiranation operator. With this transformation, thppar
componenty satisfies the harmonic oscillator wave equation.

P2
+Ar? | p=(E-M)o, 19
LR "

which is like the three dimensional harmonic oatill equation with an energy-dependent pararﬁéier

Q, =A(E,+M)" (20)
The eigenvalue of (19) is given by,
E2=M?*+(2n+1)Q°. (21)

Note that eqn.(19) can also be derived by elimigathe lower component of the wave function usimg Eoldy-
Wouthuysen transformation as it has been done7rLRl.

Adding the individual contributions of the quark® wbtain the total mass of the hadron. The spuriamsre of

2
mass (CM) is corrected [25] by using intrinsic agers for thez:il’i and Zi Diz terms appearing in the

Hamiltonian. This amounts to just subtracting tHd @otion zero point contribution from thE? expression. It
should be noted that this method is exact for hestate quarks as the CM motion is also in thet@t®.s

The COGEP is obtained from the scattering ampifdd-19]
_92 A %
My =@V 4D @y — 4. (23)

where, @ ="y, ¢, are the wave functions of the quarks in the RHZE =aabDW are the CCM gluon
propagators in momentum representatigﬁ,/4ﬂ(: a,) is the quark-gluon coupling constant arlpl is the color

U (3)C generator of thd™ guark. The details can be found in references HE]7Below we give the expressions
for the central part of the COGEP.

The central part of COGEP is [19],
a,N*
4
To calculate the matrix elements (ME) of COGEP, hewe fitted the exact expressions B‘Q(F) and Dl(F) by

t o \—
VccgnGEP(rij)_

- 1 3~ 4.2 [
A D\,j |:D0(rij)+m|:475 (i )—cr D, (i )J[l_ 7 &, B‘J:I} (24)

Gaussian functions. It is to be noted that {Bg(F) and Dl(F) are different from the usual Coulombic propagators

However, in the asymptotic limitr(—. 0) they are similar to Columbic propagators andhia infra-red limit (r — o)

they fall like Gaussian. In the above expressianahfm?) gives the range of propagation of gluons. Thé&)Dand
D4(r) are given by,

- (ay rzcoz . -y —r2022
Do(r)—(r +G2jexp[ > b D,(r)= - ]

Where @, = 1.035994a, = 2.016150 frit, C, = (3.001453Y*fm™, ) = 0.8639336 and, = (4.367436)*fm™. It

should be noted that in the limit ¢ O, the central part of the COGEP goes over toctireesponding potential
OGEP of the NRQM [19].
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Tensor part of COGEP is [19],

- a N* D, (ri) D, (i) ) 2
VIEN (ry) === [, 1V vl g 25
COGEP( l) 4 i i (E+M)2 ( 3 3 1j ( )

Where Sj =[8@,7)o;7)-0,0;]

A

Where [ = I —fi is the unit vector in the direction df. In the above expression primes and double primes

correspond to first and second derivativedj{r) . The derivatives oD, (r) were fitted to Gaussian functions.

2 2 2.2
reg . 1 e
5 ]'r—ZVeXP[ 5 ]

D, (r.,)— € exp[

2.2 —y2n2 2.2

"~ 2 -r<c 2 r 1 r<c
D, (Fi) = 5 yexpl— 2]~ e exp— ] + ~kr’ expF-——*-]
r r 2 r

£ =-1.176029 fil, K =5.118019 frif , ¢, = (2.117112f*fm™ ,c,= (3.255009) fm™*
The spin-orbit part of COGEP is [19],

- a NG 1 - , - -
cheEp(rii):j?» [L‘WZ ([ru (p, - pj)fﬂﬁi+6,-)][Do(fij)+2Dl(rij)J) (26)
Where

. 1 —r'2 2 1 _r2C2
DO(rij)zF[Bl-'-r Bz]exp[TCl]—r—z[O(l+r O(Z]exp[TO]
- 1 _r2 2 1 _r.2 2
2D, (f1)=2 eexpl 2C3 - ven 2C2 )

Where [3,=2.680358 frit, [3,=-7.598860 frif and C, = (2.373588)* fm™

It should be noted that in the limit ¢ O, the central, tensor and spin-orbit part of @@GEP goes over to the
corresponding potentials of the OGEP [19].

3. Resultsof D wave Meson Spectrain M1 and M2

In our investigation, we have expressed the proddictjuark-antiquark oscillator wave functions inmns of
oscillator wave functions corresponding to the tieéa and centre-of-mass coordinates (CM). The nbsec
relative radial wave function for OD state is,

l/’oo(ru) J15 bz 1
2 T4

where b is the oscillator size parameter. Theresaven parameters associated with the central pitite potential.
The masses of up ()] down (M), strange (M) quarks which are taken as free parameters in Mdtland M2. The
other parameters are confinement strengttha oscillator size parameter b and the stronglatg constantis. The
value of b is fixed by minimizing the expectatioalwe of the Hamiltonian for the pseudo scalar mesdine
confinement strength. & fixed by the stability for variation of masstbe mesons against the size parameter b. The
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as is fixed by the =-p mass splitting. The mass difference arises froanctilour magnetic term of OGEP/COGEP.
In M2, A% is the confinement strength parameter én¢t1/b) is the oscillation parameter are fixedlie same
way as in M1. In M2 there is an additional parametetermed CCM parameter which was fitted to i(t440

MeV),fC= 0" (the oldest glue ball candidate) as a digluon diak [19]. The values of the parameters used in ou
calculation in M1 and M2 are listed in table 1. Eteength parameters of 1Il, namely, @, and the scale parameter

A were fixed to obtain S wave meson spectra. Irctiveent work, these parameters values are fixedeavalues
chosen in [23-24] and are given in table 1. Amdmgion-central parts of the potentials, the hyperferms of IlI
has 12 additional strengtk)(and sizef) parameters. These have been fixed as explamedri previous works
[23-24]. We were able to reproduce the light P-waveson masses with ajls andk’s held fixed and by only
varying thex; andkg parameters. The values iof andkg parameters used in our model are listed in table$he
oscillator quantum number for the CM wave functigmsestricted to i,= 0. The Hilbert space of relative wave
functions is truncated at radial quantum numbgy & 4. The Hamiltonian matrix is constructed for leaweson

separately in the basis state# Nf, =0,L, =0; 2S+1LJ> and diagonalised

We have investigated two singlet light D wave mesand six triplet light D wave mesons namety (1670)
(1'Dy) , Ky(1770) (ID,), »(1650) (£D,), K*(1680) (1°D,), K»(1820) (£D.), ¢uvs(1670) (£Ds), K*(1780) (°Dy),
@, (1850) (£D5) [15] in the frame work of M1 and M2. Table 4yes the diagonal contributions the masses of

D wave mesons by linear confinement, kinetic eneplour-electric (CE), colour-magnetic (CM), spmrbit,
tensor terms of OGEP and spin-orbit, tensor teofild (in MeV ) in M1. Table 5, gives the diagonal contriions
to the masses of mesons by, ¥ color-electric (CE), color-magnetic (CM), spinbdr tensor terms of COGEP and
spin-orbit, tensor terms of IlliG MeV ) in M2. The dominant contribution to the ss@s comes from the kinetic
energy and linear confinement potential in M1 anairf the Lorentz scalar plus a vector harmonic-tzgoit
potential in M2

Table 1. Values of parameters used in M1 and M2.

b 0.62 fm
Muc 380 MeV
M. 560 MeV
a 10 MeV fm!
as 02

0.2 fm
I

0.29 fm
7,

1.4 fm
73

1.3fm
74
K1 1.8
K2 1.7
K3 1.9
Ka 2.1
Ks -22.0
Ks -24.5

Table2. Valuesof g7 and K'g parametersin M1and M2.

Meson K7 Ks
w(1650) 28.0( 39.0
K*(1680) 40.0| 50.0
K2(1820) 37.00 4554
(s (1670) | 50 | -8.0
K*(1780) 1.5 2.0
(03 (1850) 10.0 13.0
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Table 3. Massesof D wave mesons(MeV )

NS, Meson Experimental Mass Calculated Mass i@alculated Mass in
M1 M2

1'D, 7T (1670) 1670420 1696.6 1673.8
K, (1770) 1773+8 1727.4 1768.8
1°D, a)(1650) 1649 +24 1672.2 1622.9
K*(1680) 1717 + 27 1707.4 1734.9
1°D, K2(1820) 1816 13 1812.0 1824.0
o (U3 (1670) 1667 +4 1719.2 1653.9
° K*(1780) 1776 +7 1776.7 1787.5
¢3 (1850) 1854 +7 1816.9 1899.7

The important role played by 1l in obtaining theasses of D mesons can be understood by examirtiey Taln
table 7, we have listed the calculated massespéttiD wave mesons in M1 and M2 without the irsddun of Il
potential. The role of Ill is crucial in explainintbe mass differences of D wave K mesons in bathntbdels. It is
interesting to note that the calculated massesowithl contribution of triplet D wave mesons invaig only u/d
quarks are higher than the experimental massesoBwaring these values in both the models we cdedhat the
calculated masses of D wave mesons involving oftyquarks are higher in case of M1. The inclusibHldowers
the masses of D mesons in u/d sector. In casehef tiplet D wave mesons Ill has attractive cdnttion and the
calculated masses are higher in M2 when compar#ddthé values of M1Table 6 gives the comparison between
the diagonal OGEP and COGEP contributions to thesesof triplet mesons. In both the models theritoion is
attractive. The contribution due to COGEP in M2eiss compared to that of OGEP in M1. In table 3raee listed
the calculated masses of D wave mesons in M1 ana&/Méh are in good agreement with the experimemidses

It has been reported in literature [8] that thera common mass degeneracy 8D;land £Dj states. But our results
in both M1 and M2, for D, and £D;states do not exhibit this degeneracy as the stiesfgensor and spin-orbit
interactions are different (table 4 and 5).

Table4. The diagonal contributionsto the masses of mesons by kinetic energy, color-electric (CE), color-magnetic (CM), spin-or bit,
tensor termsof OGEP and spin-orbit, tensor termsof [11 ( MeV ) in M1.

Meson Moonf Vii CE cM LS TEN LS TEN

" "’ Vocer | Voeer | Vooer | Vooer| Vi Vi
7T, (1670) 59.699 1693.11 -47.96 -6.24
K, (1770) 59.699 1723.14 -48.96 -4.23 ..
(:J(1650) 59.699 1693.11 -47.96 2.08 -40.32 -8.96 -41.83 -269.83
K*(1680) 59.699 1723.14 -48.96 1.41 -27.36 | -6.08 -29.74 -245.11
K»(1820) 59.699 1723.14 -48.96 1.41 -9.12 086. | -9.91 224.56
(U3 (1670) 59.699 1693.11 -47.96 2.08 26.88 -2.56 27.89| 15.02
K*(1780) 59.699 1723.14 -48.96 1.41 18.24 -1.74 19.83] -2.73
@, (1850) 59.699 1753.18 -49.64 0.96 12.38 -1.14 12.84] -12.16

Table5. Thediagonal contributionsto the masses of mesons by Vuf, color-electric (CE), color-magnetic (CM), spin-or bit, tensor terms
of COGEP and spin-orbit, tensor termsof 111 ( MeV ) in M2.

Meson Mont CE cM LS TEN LS TEN

V cocer | V Cocer Vcerp VCOGEF V”, Vm
77> (1670) 1675.26 -2.83 1.43
K, (1770) 1770.79 -3.13 1.22
&,(1650) 1675.26 -2.83 -0.48 2.12 0.44 -41.83 -269.83
K*(1680) 1770.79 -3.13 -0.41 1.81 -0.38 -29.74 524
K2(1820) 1770.79 -3.13 -0.41 0.60 0.38 -9.91 284,
(U3 (1670) 1675.26 -2.83 -0.48 -1.41 -0.13 27.89 15.02
K*(1780) 1770.79 -3.13 -0.41 -1.21 -0.11 19.83 -2.73
@, (1850) 1866.32 -3.42 -0.35 -1.05 -0.09 12.84 -62.1
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Table 6. Comparison between the diagonal OGEP and COGEP contributionsto the masses of triplet mesons (MeV ).

Meson \bger VcocEr
71, (1670) 54.20 -1.40
K, (1770) 53.19 101
(I.K1650) -95.16 -0.75
K*(1680) -80.99 -2.11
K,(1820) 50.59 256
(s (1670) 2156 485
K*(1780) -31.05 -4.86
¢3 (1850) -37.48 -4.91

Table 7. Comparison of masses of triplet D mesonsin M1 and M2 ( MeV ) without |11

Meson Experimental Mass  Calculated Mgs€alculated Masg
in NRQM in RHM
a)(1650) 1649 +24 1679.9 1676.3
K*(1680) 1717 + 27 1716.1 1770.9
K2(1820) 1816 +13 1730.1 1768.2
(05 (1670) | 1667 %4 17374 1670.4
K*(1780) 1776 +7 1755.9 1765.9
¢3 (1850) 1854 +7 1777.7 1861.4
CONCLUSION

We have investigated the effect of the Ill on thasses of the D wave mesons in the frame work of NR®@d
RHM. We have shown that the computation of the emssing only OGEP and COGEP is inadequate in afase
NRQM and RHM respectively. The contribution of tieis found to be significant in both the model obtain
the masses of D wave mesons, 5x5 Hamiltonian matx diagonalised. The contribution from the tersgat spin-
orbit part of the Il is found to be significant @ase of triplet D wave mesons. To obtain the mlaysnasses of the
mesons in the K sector it is necessary to inclb@eanti-symmetric part of 1ll. There is a good agnent between
the calculated and experimental masses of D waw®msan both M1 and M2.

From our work, we cannot conclude that one of thedefs considered here is preferable, but it is geiye
recognized that models with relativistic dynamics more rigorous from the theoretical point of viewlso, the
models should include the confinement of gluonsadée M2 seems to be a better approach to investtbatlight
meson spectra. Our hope is that the good equivalEnmd between relativistic and non-relativispestra for two-
guark systems persists for multi quark systems.
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