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Abstract

In the present work we shall work out the law afdid body radiation by reservoir theory and
make a comparison between rate equation approaéimstein and general reservoir theory.
We shall particularly discuss the role of entropyur problem of interest.

Keywords: reservoir theory, stimulated emission entropy aga photon
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Introduction

The notion of stimulated emission was first advahiog Einstein [1] in 1917 and worked out

the new spectral distribution formula of black bodgiation discovered by Max Planck.

Einstein’s derivation was presumably different fréttanck or Bose. In addition to these
derivations, the law of distribution of black boddiation may also be worked out by the so-
called reservoir theory [2],[3],[4].Historically Bs$tein’s derivation of the radiation formula

using the notion of stimulated emission and prilecgd detailed balancing is of considerable
significance. It is seen that Einstein’s attemptdderive the radiation formula gave first to
the concept of stimulated emission of far reachtogsequence in the development of
MASER and LASER. In the present work we make a amajve study between the rate
equation approach of Einstein and the generalvesgheory. We shall particularly discuss

the role of entropy in our problem of interest timieaky cavity, as given in the work of

Lang et al. [5].

The reservoir concept

In most of the areas of quantum optics, howevemareinterested in only part of the entire
system as for example in laser system; we areeisied to know the field but not interested
what happens to atom. Atoms constitute the resembich is very much analogous to
thermo dynamical reservoir. We can eliminate thsemeoir by using reduced density
operator. In our subject of study we have introduttes reservoir concept by considering a
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system consists of a simple harmonic oscillatoeretting with a beam of two level atoms,
some of which are initially in excited. The atoneicergy distribution is characterized by a
temperature T given by Boltzmann distribution

;—a = exp(haw/ K, T), )(1
b

wherer,and r, are number of atoms per second in the upper aver llevels which pass
through the cavity. The effect of the beam on thallator is to bring it to the equilibrium
temperature T.

Single mode eectric field

(simple harmonic oscillator) time =t

Mirror cavity

N

ume = 1+t

Fig I: A Cavity with two mirrors

(Two level atoms initially (at time-t) either in thgoper statdla> or lower statélb>, Atoms initially in the
upper state pass through per second and interact witteltielfringing it to an equilibrium temperature T. This
is characteristics of the reservoir in the present case.)

In general, the field is described by a mixturestaites and conveniently represented by the
field density operator. We seek a coarse graineditean of motion for the laser radiation
density matrix as it evolves due to addition of gnamxcited atoms; equation is derived by
using atom field density operator and by stateorefttr the atom coupled to a single state of
the field.The time rate of change r(t) is P(t) = ra(dp) a+ ro(dp)» Where dp), and Op), are

the changes caused by the interaction with atorjected in the upper and lower state
respectively. We seek a coarse grained equatiomaifon for the laser radiation density
matrix as it evolves due to addition of many extisoms. We derive the equation by using
atom field density operator,ift) and by state vectorlaonr field (t)> for the atom coupled

to a single state of the field.

The resulting atom field operator is given by

P (t+7) =Y Pyl (t+7)><¢p, , (t+7) e (D)

Where R, is the probability of the field having the statectoiCip>representing the initial
state vector at time (t) and atom field state veatotime {+7) , coupling the atom field
probability amplitudes in time according to equatiof motion and taking the trace of its
density matrix over the atomic states, we get tase grained time rate of change of density
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matrix elementp,(t) due to atoms initially in the lower staféd> and similarly for atoms
injected in to the statéa>.

The time rate of the change of density matrix eleme, (t) is given by

pnm(t) = pﬂm‘\ a)atoms+ pnm“ b)atome (2)

. 1 1
pnm(t) = _E [Da (n+1+ m+]> + |:|b (n + rn)]pnm + Da\/m]pn—lm-l + Db [(n +:D (m+])] 2 pn+lm+l

In particular, this gives the photon rate equation
pnn(t) = _[Da(n+1) + Dbn]lonn + Dan IOn—:Ln—l + Db(n+1)pn+ln+l (3)

Where, =r,g*r*single mode rate coefficient for stafie>

0, =1,9°7? Single mode rate coefficient for stafle>

g coupling constant in quantum theoryaafiation
r,and r, excitation rates of statéa> andlb>

Here each term is simply understood in the termzralbabilities that atoms do or don't make
the transitions in the presence of a given numbephoton. The equation can be understood
in terms of Fig Il.

n+l

R, (n+1)pan Rh mED)paiian

R, N Pn-1, n-l Rh M Pan

A n—1

Fig. II. Diagram of photon number probability g,

With reference to Fig: Il we would like to commetitat there are three energy levels
designated as n+1, n and n-1 the arrow pointingangvare termed as emission and the
arrows pointing downward are indicated as absanpfldiis may give rise to some confusion
because we find that the emission is always indetas arrows pointing between two levels
under normal convention. However we observe thatlévels are designated in terms of
photon numbers n and they are not energy levelsnbaotber states. The,Rerm due to
emission and Rterm is due to absorption.

The condition for arbitrary detailed balancing is
P =0 e (4)
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From equation (3) and (4)
pnn = _[Da(n+l)+ EIbn]lonn +Dan pn—l,n—l +Db(n+1)pn+l,n+l

O = _[Da(n +1) + Dbn]pnn + D an pn—Ln—l + Db(n +1)pn+Ln+1
[Da(n +1 + Dbn],om =0,np 1 t0,(n+D0 00 oooeen oo -(B)

The Equilibrium is obtained in the system when tied flow all pairs of level vanishes.
Assuming the reservoir of two level atoms in thdrmaquilibrium so

D bpn+:Ln+1 = D apnn andD bpnn = D apn—l,n—l

O r
Replacing D—aby r—a we getp,, =r—a,0n_ln_l and using the Boltzmann relation (1) we
b b M

obtainp,, = exp(-ha/k;T)p, ., by .iteration of this result for successively loweyields
Planck’s distribution for single moge,, = o,, exp-aa/K;T)

Again assuming the total probabil@pnn=1 (normalization condition) we get

D Poo €XPENIWI K T) =1

For simplification in calculation we have considereexp(-icw /K T) = x

We get
Po) X" =1
= oL+ X+ X2+, )=1
= Ppl-x)" =1
= P =1-X

Thus from above we ggt, =1-expha/kgT) and therefore the density matrix element
P = [1—exp(—ha/kBT)]exp(—nha/kBT)We can see that in the steady state the field comes

to the temperature of the atomic beam reservoit sisould. Another quantity of interest is
the average photon number, steady state valuasophioton number can be determined. The
expression for average photon number is given by

(n®) = > np,, ) = > nl-expChw! k,T)expniaw/ Ky T)].............(6)

Considering X =exp(haw/k,T) we obtain the relation as

Scholars Research Library 122



R K Dubey et al Arc. Apl. Sci. Res. , 1 (2) 119-127

<n(t)> = z n(l_ X)Xn = z nx" — Z an+1

=
= (N(t)) =X+ X2+ X+,
= (n(t)) = @+x+x>+x>+.....)-1
=(n(t))=@-x)"-1
=X
:><n(t)>—1_X
_ oy P —
= (n((t)) = =y considering x=y
-1
= (n(t)) = -1

Thus puttingy =expia/k;T) we get the average photon number

_ _ 1
<n(t)>_zn:np””(t)_exp(ha)/kBT)—l ............ (7)

The steady state value of this number is giverhkyBose-Einstein expression

1

and (n(a))= zn:npm = bkl )

Rate equation and Einstein’s relations:

It may be noted that in the Einstein’s derivatiefisadiation formula a cavity was assumed
with closed walls in thermal equilibrium. In whid¢here are photons of energyic , N,
atoms in the ground statg & N, atoms in the excited statg,EThe density of the photon is
specified asp , .When an atom has suitable frequency of lightrigllon it, it can absorb

that photon of light and make transition from mndhe transition from lower to upper
energy state occur in only due to absorption aadsition from upper to lower occur by two
alternative i.e. stimulated emission and spontasemuission. The rate equation of change N
atoms in the ground state is

dN
dt

: = _Nmp\nn - NmanlO(w) + Nanm

dN
At thermal equilibriumd—tnzo i.e. principle of detailed balancing then the

rate equation becomes as
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N Bno@)+N. A, =NB..o&)............. (9)

Where N, atoms in the ground state, Mtoms in the excited state, § probability of the
simulated emission, BB, probability of simulated absorption an@ , density of photons.
The basic assumptions of Einstein wétge-E, =#a and N, = N exp(-nia/k,T) now

using the principles of detailed balancing Einsterites, for any temperature,

plw) = A m
B, exp( nw /[ k;T)-B .,

It is observed that the term N, does not change with temperature that the termlving

P . increases with temperature, at high enough temperdt,, A.n can be neglected and
also Nn=N; so from (9) we get B=Bn=B.

Theref p(w) =2 .
eretore B exp( hew I KyT) -1
This gives Planks formula [6] for the energy densiadiation at thermal equilibrium
A _ ho’
provided the ratio of spontaneous and stimulataﬂﬁmientg = FEYCE

Comparison between reservoir and Einstein approach:

It is now worthwhile to make a comparative stu@yveen the two approaches as indicated
in the earlier sections. In Einstein approach weeharitten the radiation formula as

A 1
B exp( nw [k,T)-1

p(w) =
Where A/B =Ratio of coefficient of spontaneous astimulated emission.

And in reservoir approach a photon number distribntis given by

1
exp@w/k,T) -1

(nt)) => np,,(t) =

Here presumably A/B= 1 this is a limiting case. Y&gher note that in Einstein’s approach
an enclosed cavity is assumed and there is noatidic how laser action takes place but in
reservoir theory using density operator methodlayRerot cavity is already assumed where
perfectly reflecting dielectric mirrors are usedatoplify stimulated emission. It will be now

of sufficient interest to find the role of entrojry the both the cases. In thermodynamic
language reservoirs is defined as a body of suelnge mass that it may absorb or reject an
unlimited quantity of heat without experiencing appreciable change in any other
thermodynamic coordinate but it is to be noted thate is a small change in the reservoir
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when a finite amount of heat flows in and out @& thservoir but an extremely small one, too
small to be measured, as for example, in the expaio$ average photon number,

As temperature increases heat flow in an out ofréiservoir also increases but too small to
measure, and this is also the direction to whictropy increases. The average photon

numbers will considerable only wheﬁ% <<1 this impliesia << kT again interestingly
B

for % =0 the average photon number would be infinite, iiyrhappen when T is infinite

B

when T=0 than% =a (infinite) and average photon number will be zdrom here we
B

may considers that average photon number increslses T increases. In the laser cavity,
there is leakage of radiation through the mirrod @ventually a radiation is bound to die
down. In the case of Einstein cavity this inforroatis not available, and in Einstein cavity
the reservoir is outside the world. In this caséeagperature increases a stage reached where
the second term in the equation (9) is neglecteligit temperature and is at maximum

entropy. In equation (5)J,(n+1)p,, and O, (n+1)p,.,,., are ignored (balanced). This

also happens at high temperature .Thus we comestagae where we make fruitful analogy
of two approaches. In Einstein approach the diactf entropy and direction of time are
same as in the reservoir approaches, the directientropy and direction of time are in same
direction.

According to the second law of thermodynamics gmtrof a self controlled and closed
system always increases in any natural procedsisrdlated to heat added to a system and
its temperature; it is a statistical measure ofdiserder of the system. It may be note that a
cavity as indicated in figure (1) is always leakyedto the facts that mirrors are not perfectly
reflecting. It is demonstrated by Lang et al (Fttleakage leads to a damping of the free
oscillation in the laser cavity. At this we may @alsonsider the cavity picture in terms of
thermodynamic considerations a heat engine andoCawytle. Consider a four level system

of laser as shown in Fig Ill.
\- E;
: /

Fig IIT: four level laser

Ea

=
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Pumping light induces transition between &d E.takes place between, Bnd E.Laser
action basically takes place betweendad E. This is a general principle that in atomic
system where the lower level decays very fast ljateon to a set of levels and where the
upper level is optically connected to ground lagetleally suited for laser excitation.

o

Fig IV : A Comparison between Carnot cycle and four level laser

Fig IV shows a diagram which was an analogy with @arnot cycle of a real gas. This
depicts the & p diagram. The atoms are initially in this stage r@@esentation by point 1,

the four process are then

Processes 1-2 reversible adiabatic excitations tinettemperature increases t9 T
Processes 2-3 irreversible isothermal relaxatidi any desired point 3 is reached.
Processes 3-4 irreversible adiabatic until the tmatprre Tis obtained.

Processes 4-1 reversible isothermal relaxation anginal state is reached.

It may be noted that in our considerations we hawe reversible and two irreversible
processes and total rate change of entropy is zero.

Conclusion

In the present work we have made a comparison leetwes reservoir theory and Einstein’s
approach for the derivation of Planks Black bodgiagon formula. It may be noted that
Einstein approach is simplest manifestation of stesy in equilibrium and the concept of
stimulated emission. Principle of detailed balagdmused in both the approaches. We have
also indicated how a four level laser may be vieWeth a thermo dynamical point of view.
This may be of great importance in near futurehim development of laser physics and may
help in understanding the mechanism of leaser p&yer very short pulse laser.
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