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ABSTRACT

In this paper, we are out to derive the express@minstantaneous velocity and acceleration eniril terms of
Prolate Spheroidal Coordinates for applicationsNiewtonian’s Mechanics, Einstein’s Special Law oftidoand
Schrddinger’s Law of Quantum mechanics.
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INTRODUCTION

The prolate spheroidal coordinates{, ¢) are defined in terms of the Cartesian coordinatgsz [Howusu, 2004],
by;

x=a(l—n?)"2(&-1)"2cos ¢ ¢))
y=a(l-n2)"2(&*-1)"2 cos ¢ )
z = ané 3)

where a is a constant and
0<&é<w,—-1<n<1l 0<¢p<2m 4)

Consequently, by definition, the prolate spherogtalle factors or metrical coefficients are givgn b

EZ _ nZ %
n =“(1——nz> ®)
2 _ 2\32
he = a (—i-z _771 > (6)
and
hy = a(l— n?)z(§?
-1)z ™)

These scale factors define the unit vectors, lisement, volume element, as well as gradient, dimecg, curl and
Laplacian operators in prolate spheroidal coorésaaccording to the theory of orthogonal curvdineoordinates
[5, 8, 9.]. These quantities are necessary andcgrft for the derivation of the fields of all paté spheroidal
distribution of mass, charge and current. Now far formulation of the equations of motion for tparticles in
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these fields, we shall derive the expression fataintaneous velocity and acceleration in prolateespdal
coordinates.

MATHEMATICAL ANALYSIS
By definition the prolate spheroidal unit vectors given in terms of the Cartesian unit vectors as:

(£ —1): 2 _ 1y —n?)2
7 = n(§ 13 Cosqﬁ_n(f 1)1 sin¢j+€(1 n )112 ®)
(§?—n?)2 (§?—n?)2 (&2 —n?):2
and
_E(1— )z — ) 2_ 1)
= —E(l 1 3 cos¢pi + —6(1 1 )1 singj + —W(E 1)1 k 9
(&2 —n*):2 (§?—n?)2 (&2 —n?):2
and
¢ = —singi + cosoj (10)
Hence denoting time differentiation by a dot, itdws from (8), (9), (10) and some manipulationttha
. -1 2—1% 1—2% . 2—1%.A
PR S € ek OS] . SO ¥ (11)
A [C R D ER RS OE (& — )2
Similarly, it follows from (9) , (8) and (10) that:
2 1 2—1% 1—2%. 1—2%.A
é= 5 zl(f Ly e Gl BLSH PR {Cd DLPY (12)
1@ -n?): (§*-1)2 (62 —n?)2
It also follows from (10), and (8), (9) that;
L@ -1: . (l—gdi ..
PR LN Pl BV (13)
(1 —n?)2 (62— 1)z
Now it follows from definition of instantaneous pisn vector,r, as
r=xi+yj+zk (14)

And (8)-(10) that the instantaneous position veatmy be expressed entirely in terms of prolate isptel
coordinates as;

an(l—n )Eﬁ N aé (& — 1)55

r= 1 T (15)
(£ —n?): (§% —n?)z

It also follows from definition of instantaneoudaEty, u, as:

u=r (16)

and (15) , (11)-(13) that the instantaneous velogctor may be expressed entirely in terms ofgbeospheroidal
coordinates as:

u=u,f+ u;f + u¢¢3 a7

where;
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u, = a (i __:2 ) 7 (18)
U =a (22__”1 )25 (19)
and

up = a(l —1*)z(§% - 1)z¢ (20)

Consequently, it follows from definition of instamteous acceleration, as:
a=1u (21)

And (18)-(20), (11)-(13) that the instantaneouseteration may be expressed entirely in terms olgpe spheroidal
coordinates as:

a= anﬁ + aff + a¢$ (22)

where

2 21/2 2 2
_ (§F=n . 25 . n¢ -1y n-n°
9”‘“(1—772) {“52—nZ”“(l—nZ)(fZ—nZ)” Te-ne-nt

1—n? 2-1). R
eI (fz—)(ni) )4’2}‘( @3)

2o\ (2 2_q 1-n%)

&1 A-mPE -  @-DE -1
o @ (;21)_(;2—) n%) ¢>2}s€ (24)
and
ay = el ~nEt = D1 (§ - i+ )6 es)

This is the completion of the theory of oblate spidal coordinates system.
RESULTSAND DISCUSSION

In this paper we have successfully derived the aorapts of velocity and acceleration in prolate spidal
coordinates as (18)-(20) and (23)-(25) respectively

The results obtained in this study are necessady safficient for expressing all mechanical quaesiti(linear
momentum, kinetic energy, Lagragian and Hamiltohianerms of prolate spheroidal coordinates

CONCLUSION
Consequently, the way is opened for expressinglylamical laws of motion (Newton's law, Lagrangésy,

Hamilton's law, Einstein’s special Relativistic lasf motion, and Schrodinger’'s law of quantum meadatgn
entirely in terms of prolate spheroidal coordinates
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